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Abstract 


We define the notion of k-safe infinitary series over idempotent 
ordered totally generalized product w-valuation monoids that satisfy 
specific properties. For each element k of the underlying structure 
(different from the neutral elements of the additive, and the multiplica- 
tive operation) we determine two syntactic fragments of the weighted 
LTL with the property that the semantics of the formulas in these 
fragments are k-safe infinitary series. For specific idempotent ordered 
totally generalized product w-valuation monoids we provide algorithms 
that given a weighted Biichi automaton and a weighted LTL formula 
in these fragments, decide whether the behavior of the automaton 
coincides with the semantics of the formula. 
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1 Introduction 


Verifying the reliability of information and communication systems with the 
use of mathematical logic has been an important research field over the last 
years. A successful paradigm for achieving formal verification with the use 
of mathematical logic is model checking. Linear Temporal Logic (LTT for 
short), introduced by Pnueli in [26], has been successfully used in checking 
the correctness of programs with important applications in industry [4]. One 
of the most efficient ways to develop model-checking tools incorporating DTL 
is the automata-theoretic approach proposed by Wolper and Vardi in [31]. 
In addition, LTL is a logical formalism capable of describing properties of 
the linear behavior of systems like safety and liveness. The former expresses 
the fact that ”nothing bad” can happen and is a very important part of 
verifying the reliability of programs [4]. Safety ZTL formulas (cf. [29]) over 
infinite words define safety infinitary languages. An infinitary language L is 
a safety language if for every infinite word w the following holds: if every 
non-empty prefix of w can be extended to a word in L, then w belongs to L 
as well [3]. 

Designing effective algorithms capable of reasoning about quantitative 
aspects of correctness of systems’ behavior, as well as identifying and studying 
quantitative properties that generalize the meaning of their boolean coun- 
terparts has been, and is an active research field [24, 27, 19, 17, 5, 6, 2, 32]. 
The notion of weighted safety was for the first time introduced in [32]. More 
precisely, given a rational value v, the authors defined the notion of v-safety 
for series, over finite words over an alphabet A, with rational values. A series 
L is v-safe, if every word w, to which L assigns a value greater or equal to 
v, has a prefix that cannot be extended to a word over A that is assigned 
through LF to a value less than v. A series L is weighted safe if there exists a 
rational value v such that LD is v-safe. In that paper the authors studied the 
relationship of weighted safe series and weighted automata whose behavior is 
defined as follows: the weight of each path is obtained by adding the rational 
weights of the transitions forming the path, and the value that the behavior 
of the automaton assigns to each word is defined to be the minimum weight 
of all accepting paths of the weighted automaton over this specific word. By 
determining the structural properties of deterministic weighted automata, 
the authors answered decidability questions related to the weighted safety of 
their behavior. Multi-valued safety and liveness linear-time properties have 
been introduced in [19] where automata based model-checking techniques 
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have been developed. Quantitative safety and liveness has also been con- 
sidered recently, in [17], for infinitary series over complete lattices. In that 
work, the authors proved important results related to the safety-liveness de- 
composition of the infinitary series under consideration. They also provided 
results related to the monitorability of infinitary series that satisfy specific 
approximation conditions related to safety, and co-safety. It is proved in 
that work that the two definitions of safe infinitary series, the one presented 
in [17], and the one presented in [19], are equivalent. However the definition 
of liveness in the two works significantly differs, and in consequence different 
safety-liveness decomposition results are obtained. In [5] the authors further 
considered a definition of threshold safety for infinitary series over complete 
lattices. According to that definition, an infinitary series s is threshold safe 
if for every value v of the domain the infinitary language consisting of all 
infinite words whose image through s is greater or equal to v is a safety 
property. They prove that for totally ordered domains the definition of 
threshold safety and the definition of safety presented in [17] are equivalent. 
For such domains they provide a topological characterization of their safe 
infinitary series. They also provide decidability results for the safety of well 
known classes of quantitative automata. 


In this paper, we firstly aim to define, given a specific threshold k of a 
weight domain, a notion of weighted safety with respect to the given threshold 
for infinitary series that is capable of applying to a variety of fields. For the 
domain of weights we choose idempotent ordered totally generalized product 
w-valuation monoids that satisfy specific properties. Infinitary series express 
the quantitative behavior of infinite executions of systems, and the k-safe 
infinitary series that we introduce in this work can be understood as series 
that describe systems whose behavior is characterized by the existence of a 
quantitative safe” area. This area can be described as an infinitary safety 
language that is formed by all infinite words whose coefficient (on the series 
describing the system’s behavior) satisfy a specific quantitative property, 
more specifically exceeds the given threshold (according to the order relation 
induced by the idempotency of the monoid). We aim to describe this notion 
of safety with weighted LTL formulas, and for specific idempotent ordered 
totally generalized product w-valuation monoids provide algorithms that 
given a weighted Biichi automaton and a weighted LTE formula whose 
semantics is k-safe, decide whether the behavior of the automaton coincides 
with the semantics of the formula. 


To motivate the choice of the underlying weight structure we recall that 
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the theory of weighted automata and weighted logics over semirings has 
important practical applications [12], however the spectrum of applications 
of weighted models can be broadened by considering weighted models and 
weighted specification languages over abstract algebraic structures that are 
not necessarily semirings. To that direction in [7], Chatterjee, Doyen and 
Henzinger considered weighted automata over the real numbers where the 
weight of a run over a finite (infinite) word is computed with the use of a 
function that assigns a real value to every finite (infinite) run. For finite 
words, examples of such functions are the functions that compute the average 
value of real numbers and the function of sum of real numbers, while for 
infinite words they used functions as Sup, LimSup, LimInf, Limit Average 
and Discounted Sum. With the use of the above functions we can model a 
wide range of procedures of systems. As is stated in [7] the peak of energy 
consumption can be attributed as the maximum of a sequence of weights 
that represent energy consumption, energy use can be attributed through 
the sum of real numbers, while for average response time we use the function 
of Limit Average. In [7] the authors presented decidability results and 
results concerning the expressive power of the model for different functions. 
Similar results were presented in [8, 9, 10] where other kinds of automata 
that use functions for the computation of the weight of a run were presented. 
In [{13, 14], Droste and Meinecke, proposed the structures of valuation 
monoids, and w-valuation monoids as formalisms capable of describing how 
these automata work for different functions. Valuation monoids (resp. w- 
valuation monoids) can be described as monoids (resp. complete monoids) 
equipped with a valuation function (resp. w-valuation function) such that 
additionally the additive operation of the monoid and the valuation function 
(resp. the w-valuation function) satisfy specific properties. In [14] the 
authors introduced a weighted MSO over product valuation monoids, and 
over product w-valuation monoids (i.e., valuation, and w-valuation monoids 
further equipped with a product operation) and under the consideration 
of specific algebraic properties for the weight structure proved expressive 
equivalences of fragments of that logic with weighted automata over finite, 
and infinite words. In [22] a weighted LTL over product w-valuation monoids, 
and generalized product w-valuation monoids was presented. In that paper, 
an effective translation of formulas of a syntactic fragment of the weighted 
LTL to weighted generalized Biichi automata with ¢-transitions was presented 
following the construction of [20]. We recall that the classes of generalized 
product w-valuation monoids, and of product w-valuation monoids introduced 
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in [22] are subclasses of the class of product w-valuation monoids defined in 
[14, Definition 5.1]. Moreover, the class of generalized product w-valuation 
monoids presented in [22], properly contains the class of product w-valuation 
monoids considered in the same work [22]. 


We now present how the content of this paper is structured. In Section 2, 
we compare the work presented in this paper with related literature. In 
Section 3, we present some preliminary notions. In Section 4, we define 
the class of totally generalized product w-valuation monoids that properly 
contains the class of generalized product w-valuation monoids. We conclude 
that idempotent totally generalized product w-valuation monoids preserve 
basic properties of idempotent generalized product w-valuation monoids. 
We adopt the definitions of weighted generalized Biichi automata with «- 
transitions, and weighted Biichi automata with e-transitions introduced 
in [22], whithin the framework of totally generalized product w-valuation 
monoids, and also conclude that the result of their expressive equivalence 
with weighted Biichi automata holds for these weight structures as well. In 
Section 5, we present the weighted ETL over idempotent ordered totally 
generalized product w-valuation monoids, which is defined in the same way 
as the weighted LTT in [22]. We identify a syntactic fragment of the weighted 
LTL, the fragment of V-totally restricted U-nesting weighted LTL formulas, 
such that each formula of this fragment can be effectively translated to a 
weighted Biichi automaton recognizing its semantics. For this translation 
we follow the construction and proof of the corresponding result presented 
in [22] for totally restricted U-nesting LTL formulas over idempotent ordered 
generalized product w-valuation monoids. If K is an idempotent ordered 
totally generalized product w-valuation monoid, and k € K\ {0,1}, we 
define the notion of k-safe infinitary series, and for all k € K\ {0,1}, 
we determine two syntactic fragments of the weighted ITZ, namely the 
fragment of k-safe totally restricted U-nesting weighted LTL formulas, and 
the fragment of k-safe V-totally restricted U-nesting weighted LTE formulas, 
with the property that the semantics of the formulas in these fragments are 
k-safe infinitary series. Moreover, we conclude that for every formula in 
these fragments we can effectively construct a weighted Biichi automaton 
recognizing its semantics. In Section 6, we present an example on how 
weighted LTE formulas with k-safe semantics can be used to argue about 
aspects of the quantitative behavior of systems. In Section 7, for two specific 
idempotent ordered totally generalized product w-valuation monoids (resp. 
a specific idempotent ordered generalized product w-valuation monoid), we 
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present an algorithm that given a weighted Btichi automaton and a k-safe 
V-totally restricted U-nesting weighted LTL formula (resp. k-safe totally 
restricted U-nesting weighted LTL formula), decides if the semantics of 
the formula coincides with the behavior of the automaton. The core of 
the algorithm is based on the fact that the weighted LTL formula can be 
effectively translated to a weighted Biichi automaton, and the quantitative 
language equivalence problem is decidable for weighted Biichi automata over 
these specific structures. For the proof of this last decidability result we 
follow the approach of the constructive proof of the corresponding result in [7]. 
We obtain as a corollary that the results of this section can be generalized for 
specific families of totally generalized, and generalized product w-valuation 
monoids. In Section 8, we present conclusions and future work directions. 


2 Related Work 


As it is mentioned in the introduction, the notion of weighted safety was 
introduced for finitary series over the set of rational numbers in [32]. As 
the authors proved, it follows by that definition that for every rational 
number v, a series s is u-safe iff the language consisting of all words whose 
coefficient on s is less than v is a safety language. In the current work, given 
an idempotent ordered totally generalized product w-valuation monoid Kk, 
andak € K\ {0,1}, we obtain that an infinitary series r is k-safe iff the 
language consisting of all infinite words whose coefficient on r is greater or 
equal to k (according to the order relation induced by the idempotency of 
the monoid) is an infinitary safety language. We see this as a generalization 
of the notion of safety introduced in [32], since a corresponding result for 
infinitary series, as the one that is proved in [32], could be obtained by 
our definition if the domain of Kk is QU {co, —oo}, and the natural order 
> induced by the idempotency of K coincides with the following order 
relation: for every k1,k2 € K, ky >K ke iff min (k,, ko) = k,. Moreover, if we 
adopt the definition of threshold safety introduced in [5] in the framework of 
our weight structure, then by Example 19 we conclude that if an infinitary 
series is k-safe for some specific k, then it is not necessarily threshold safe. 
However, the converse statement is true, i.e., threshold safety implies k-safety 
for every element k of the value domain for which k-safety is defined. It is the 
author’s understanding that in the framework of weighted LTT the definition 
of k-safety allows the description of more refined quantitative properties. 
A weighted LTL over infinite words over the max-plus semiring with 
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discounting parameters was defined in [21, 20]. In that work, the author 
presented an effective translation of a syntactic fragment of the formulas 
of that logic to equivalent weighted Buchi automata. For this translation 
the author followed the approach of [31], i.e., the weighted LTL formula was 
firstly effectively translated to a generalized weighted Biichi automaton with 
e-transitions that simulates the inductive computation of the semantics of the 
formula by relating the states of the automaton with the syntax of the given 
formula. Then, the generalized weighted Biichi automaton with ¢-transitions 
is effectively translated to an equivalent weighted Biichi automaton. We 
note that generalized weighted Biichi automata with ¢-transitions, and 
weighted Btichi automata with ¢-transitions over the max-plus semiring with 
discounting were introduced in [21, 20], and their expressive equivalence 
with weighted Biichi automata was proved. This result, and the result of 
the effective translation of weighted LTL formulas to equivalent weighted 
Biichi automata have been generalized for a subclass of idempotent (ordered 
generalized) product w-valuation monoids in [22], and in the current work we 
further generalize it for a subclass of idempotent ordered totally generalized 
product w-valuation monoids following the arguments of the proof of [22]. 
To our knowledge a quantitative DTZ was for the first time introduced in 
[18] where the authors defined a weighted LTL and weighted automata over 
de Morgan Algebras and an effective translation of the formulas of that logic 
to weighted automata was presented. We note that the core of the definition 
of the weighted LTL introduced in [21, 20, 22] goes back to the definition of 
weighted MSO logics over semirings by Droste, and Gastin in [11]. 


In [7] the authors deal with weighted automata over infinite words that 
use as valuation functions the classical lim sup, liminf, and sup of infinitary 
sequences of rational numbers, and prove that the language equivalence 
problem is decidable for these types of automata. In Section 7, we prove a 
corresponding result for weighted Btichi automata over Ko, Ky, K3, where 
Ky, Ke, K3 are specific totally generalized product w-valuation monoids over 
the domain QU {oo, —co} that incorporate the functions lim inf, lim sup, sup 
respectively in the definition of their w-valuation functions. As it is stated 
in the introduction, for the proof of this result, we follow the constructive 
approach of the proof of the corresponding result in [7]. Core steps of the 
algorithms presented in Section 7 are based on basic constructive steps of 
that proof. 


Finally, in [30] the authors presented an algorithm that given a weighted 
transition system that models the motion of a robot, and an LTL formula 
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that specifies the mission of the robot, determines a path of the robot that 
satisfies the specification, and at the same time minimizes the value of a given 
cost function. Weights on the transitions of the weighted transition system 
represent time, and the cost function is defined so that it expresses, for every 
possible route of the robot, the maximum time needed between instances of 
its movement that satisfy a specific optimizing atomic proposition. The LTT 
formula is defined in a way, so that every path that satisfies it, satisfies the 
optimizing atomic proposition infinitely often. The example that we present 
in Section 6 is motivated by the need to argue about other quantitative 
aspects of the behavior of systems as the one presented in [30], and to answer 
questions related to correctness, and trustworthiness [28]. 


3 Preliminaries 


Let A be an alphabet, i.e., a finite non-empty set. As usually, we denote 
by A* the set of all finite words over A and we let At = A* \{e} , where € 
is the empty word. The set of all infinite sequences with elements in A, i.e., 
the set of all infinite words over A, is denoted by A”. Let w € A”. A word 
v € A” is called a suffix of w, if w = uv for some u € A*. Similarly, a word 
u € A* is a called a prefix of w if w = uv for some v € A”. Every infinite 
word w = aoa... with a; € A(i > 0) is written also as w = w(0)w(1)... 
where w (i) = a; (i > 0). The word w >; denotes the suffix of w that starts 
at position 7, ie., ws; = w(i)w(i+1)..., while the word we; denotes the 
prefix of w, we; = w(0)...w(é—1). Clearly, wep = €. 

Let C, Kk be sets. We denote by B Cf, C the fact that B is a finite 
subset of C and we let (Cfin)” = LU BY. We denote by P(C) the 

BChinC 
powerset of C’. An index set I of C is a aubeet of C. A family of elements 
of K over the index set J, denoted by (k;),c7, isa mapping f from J to K 
where k; = f (7) for all i € I. We shall denote by N the set of non-negative 
integers. 

We recall now the definition of Btichi, Muller, and Rabin automata 
over A. A Biichi automaton (Ba for short) over the alphabet A is a tuple 
A =(Q,4,1/,A,F) where Q is a finite state set, A C Q x A x Q is the set 
of transitions, J C Q is the set of initial states, and fF’ C Q is the set of final 
states. Let w = aoa,... € A” with a; € A(i > 0). A path P, of A over w is 
an infinite sequence of transitions Py, = (q;,a,;, +1) ;>0° We let In® (P,,) be 
the set of states that appear infinitely often along P,,. We will call P,, success- 
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ful if qo € I, and at least one final state appears infinitely often along Py, i.e., 
if go € I, and In® (P,,) OF #0. The behavior of A is defined to be the infini- 
tary language ||.A|| = {w € A” | there exists a successful path of A over w}. 
A (nondeterministic) Muller automaton (Ma for short) over the alphabet A 
is a tuple A = (Q, A, po, A, F), where Q is a finite set of states, pp € Q is the 
initial state, A C Qx Ax Q is the set of transitions, and F C P (Q) is the set 
of final subsets. A path P,, of A over w, and the set In®@ (P,) are defined as in 
the case of Btichi automata. We say that the path P,, is successful, if go = po 
and In? (P,,) € F. The behavior of A is again defined to be the infinitary 
language ||.A|| = {w € A” | there exists a successful path of A over w}. Fi- 
nally, a (nondeterministic) Rabin automaton (Ra for short) is a tuple 
A = (Q,A, po, A, R), where Q is a finite set of states, po € Q is the initial 
state, A C Q x Ax Q is the set of transitions, and R = (L;, Us) jeg is a finite 
family of pairs of sets of states. Again, a path P, of A over w, and the set 
In® (P,,) are defined as in the case of Biichi automata. We will say that the 
path P, is successful if gg = po, and there exists an index j € J such that 
In? (Pw) OL; = 0, and In® (P,) NU; # 0. The behavior of A is defined 
as in the previous two cases of Biichi, and Muller automata. We recall the 
following theorem that states the expressive equivalence of Muller, Biichi 
and Rabin automata. 


Theorem 1 (i) For every Muller automaton over A we can construct a 
Btichi automaton over A with the same behavior, and vice-versa. 


(ii) For every Rabin automaton over A we can construct a Bichi automaton 
over A with the same behavior, and vice-versa. 


For a detailed reference on the theory of Biichi, Muller, and Rabin automata 
we refer to [25]. 


Next, we recall the definition of classical ETL, and the definition of safety 
properties (also equivalently called safety languages) and safety formulas 
(see [29]). 


Definition 2 ({3]) Let A be an alphabet and L C A”. L is a safety property 
iff for every w € A® the following hold: If Vi > 0,4du € A® such that 
weju EL, thenw € L. 


Example 3 Let A = {a,b} be an alphabet, L = atbt A® C A”, and F = 
at AY C AY. We consider the infinite word w = a”. Then, for every i > 0, 
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weiba” € L, however w ¢ L. This implies that L is not a safety property. We 
can easily conclude that F is a safety property. More precisely, let w <€ A” 
such that for every i > 0,4u € A” such that Weju € F. Then, w(0) =a, 
which implies that Jj > 0,u € A” such that © = aJt, 1.e., UE F. 


Let AP be a finite set of atomic propositions. We shall denote the 
elements of AP by a,b,c,.... The syntax of classical LTE over AP is given 
by the grammar 


gu=true|a|ap|eAyg|eVv¢e|O¢y| pU¢|O¢e 


where a € AP. We shall denote by LT L (AP) the class of all LT'L formulas 
over AP. As usual we identify —>y with y for every y € LTL(AP). Let now 
yp € LTL(AP), and w € (P(AP))*. Then, for every i > 0, it is defined 
what it means that y holds in w at position i, which is denoted by w,i - 9, 
inductively in the following way: 


- w,i - true -wiFovy,ifw,ie gy orwikw 
- w,i-Ea,ifae w(t) -w,iE PAY, ifw,i- vy and w,i Ew 
- Wit e7y, ifw,ik yp -w,i FE Ly, if for every 7 >i, w,j7 Ey 


- w,i- puUy, if there exists 7 > 7 such that w,i’ for alli <7’ < j, 
and w,j Ew. 


For an infinite word w € (P(AP))*, we will say that y holds in w, 
and we will denote by w FE  , iff w,0 E y. We say that two LTL formulas 
y,W are equivalent and denote by y = w iff for every w € (P(AP))”, 
w F ¢ iff w Ey. We also recall that the weak until operator U is defined 
in the following way yUwW := Oy V (pUW). For every y € LTL(AP) we 
let the language of y, denoted by L(y), be defined as follows: L(y) = 
{w € (P(AP))” | w F 9}. 

A formula y is a safety formula iff L(y) is a safety property over 
P (AP). We let sLTL(AP) be the fragment of LTL(AP) given by the 


following grammar 


gu=true|a|-alpAg|l evel Ov! gUy¢ | Oy 


where a € AP. 
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Theorem 4 ([29]) For every a € AP,a,-a are safety formulas and if p, 
are safety formulas, then so are p AW, eV W,O9, gpUY, and Oy. 


It follows by the previous lemma that every formula in sLTL (AP) is a 
safety formula. 

We turn now to monoids and infinitary series. A monoid (K,+,0) is 
an algebraic structure equipped with a non-empty set K and an associative 
additive operation + with a zero element 0, i.c., 0+k =k+0=k for every 
k € K. The monoid K is called commutative if + is commutative. 

A monoid (K,+,0) is called complete if it is equipped, for every index 
set J, with an infinitary sum operation 5°, : K ’ _. K such that for every 
family (k;),;<; of elements of K we have 


Soke =0, SO = hy, SO he = hy + hy for G Al 


ic ie{j} 1€ {7,1} 


and 


A = SO 

jeJ \iel; iel 
if Ujey Lj = I and 1; (Jj = 0 for 7 4 j’. We note that every complete 
monoid is commutative. 

Let K be a complete monoid. K is called additively idempotent (or 
simply idempotent), if k + k =k for every k € K. Furthermore, K is zero- 
sum free if k + k’ = 0 implies k = k’ = O. It is well known that if K is 
idempotent, then K is necessarily zero-sum free [1]. We recall (cf. [16]) 
that idempotency gives rise to a natural partial order in K defined in the 
following way. Let k,k’ € K, then k < k’ iff k’ = k’ +k. Equivalently, it 
holds k < k’ iff k’ = k’ +k for some k” € K (cf. [12, Chapter 5]). We 
shall denote by k < k’ the fact that k < k’, and k 4 k’. We shall call the 
natural order of K a total order, if k < k’, or k’ < k for all k, k’ € K. In this 
case we will call K an idempotent ordered complete monoid. Clearly, if K 
is an idempotent ordered complete monoid it holds: For every k,k’ € K, 
if k < k’ is not true, then k’ < k. Let A be an alphabet and K be an 
idempotent ordered complete monoid. An infinitary series over A and K 
is a mapping s: AY > K. For every w € A” we write (s,w) for the value 
s(w) and refer to it as the coefficient of s on w. We denote by K ((A”)) 
the class of all infinitary series over A and K. For a series s € K ((A%)) 
we let Im(s) = {(s,w) | w € AY}, supp(s) = {w € A” | (s,w) 4 O}, and 
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L>x(s) = {w € A” | (s,w) > k} for every k € K. Moreover, for every k € K, 
we shall denote by k, the infinitary series over A and K defined by (k, w) =k 
for every w € A”. Given two series 51,52 € K ((A”)) we write s; C se 
if (s1,w) < (s2,w) for all w € A”, and s; = 89 if (s1,w) = (s2,w) for 
all w € A”. The quantitative inclusion problem, for the series s1, 82, is to 
decide whether s; E s2, while the quantitative language-equivalence problem 
decides whether s1 = so. 

Next, we recall from [30] the definition of weighted transition systems. 


Ryo stands for the set of positive real numbers. 


Definition 5 A weighted transition system is a tuple T = (Q, Qo, R, AP, L, we), 
where Q is finite set of states, Qo C Q is the set of initial states, RC QxQ 

is the transition relation, AP is a finite set of atomic propositions, L : Q > 

P (AP) is a labeling function, and we: R > Ryo is a weight function. 


Arun r of T is an infinite sequence of states r = qoqiq2... with qo € Qo, 
and (q,di+1) € R for every i > 0. Every run r = qoqi ... defines a unique 
word w, = L (qo) L (qi) L (q2)... € (P(AP))* , and a unique sequence of 
weights w, = (we (qi, Gi+1))i>0 : 

In the rest of the paper A will stand for an alphabet, and AP for a 
finite set of atomic propositions. 


4 ‘Totally Generalized Product w-valuation 
Monoids 


We aim to identify structures equipped with w-valuation functions that 
are well studied and can be used for practical applications. To this end, 
we consider a larger subclass of product w-valuation monoids, than this of 
generalized product w-valuation monoids (for short GP-w-valuation monoids) 
introduced in [22, Definition 2]. More precisely, we define totally generalized 
product w-valuation monoids. These are defined as GP-w-valuation monoids 
with the only difference that we restrict the requirement of the validity of the 
distributivity of the w-valuation function over finite sums to a smaller range 
of families of elements of the value domain. This allows the identification of 
examples of totally generalized product w-valuation monoids that incorporate 
classical w-valuation functions like sup and limsup of countably infinite 
families of rational numbers. In [22], the author considered GP-w-valuation 
monoids that satisfy additional properties, sufficient to establish the effective 
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translation of formulas of fragments of the weighted LTL, with weights 
over GP-w-valuation monoids, to weighted Biichi automata. In this work, 
we will identify sufficient properties that totally generalized product w- 
valuation monoids should satisfy, so that we can determine fragments of the 
weighted LTL whose formulas’ can be effectively translated to equivalent 
weighted Biichi automata and their semantics are k-safe infinitary series 
(k € K\{0,1}). For the translation of our weighted LTL-formulas to 
equivalent weighted Biichi automata the properties considered in [22] are 
sufficient in the case of totally generalized product w-valuation monoids as 
well. We further equip the structure with properties related to the total 
ordering of the monoid and the monotononicity of the w-valuation function, 
so that we can identify fragments of the weighted DTZ whose formulas’ 
semantics are k-safe infinitary series. Whether the properties considered to 
obtain the aforementioned results are necessary it remains open. 


Definition 6 An w-valuation monoid (K,+,Val”,0) is a complete monoid 
(K,+,0) equipped with an w-valuation function Val? : (K fin)” — K such 
that Val® (ki);c~ = O whenever kj = O for some i > 0. A totally gen- 
eralized product w-valuation monoid (for short TGP-w-valuation monoid) 
(K,+,-, Val”, 0,1) ts an w-valuation monoid (K,+, Val”, 0) further equipped 
with a product operation .: K? + K, with 1 © K such that Val’ (1%) =1 
andO-k=k-0=0,1-4=k-1=k for allk © K. Additionally, for every 
index set I andk ce K, d (k-1)=k- 21, and for every L C pin K, finite 


index sets I; (j > 0) ae that for all j . 0, it holds ki, € L\ {0,1} for all 
tp Ly OF ki, € {0,1} for alli; € Ij, we have 


Val? | Sok} = D> Val? (hi;) sory (1) 


451; jeN (45) ,€fo xi x... 


Equation 1 (in the sequel called Property 1) states the distributivity of 
Val” over finite sums that are taken over finite families of elements of K that 
satisfy the following property: For each family, either every element of the 
family belongs to {0,1}, or every element of the family belongs to L\ {0,1} 
(where L is a finite subset of K’). We recall that Property 1 has also been 
considered in [23] (for a larger range of families of elements of kK’) for the 
definition of Cauchy w-indexed valuation monoids. Every GP-w-valuation 
monoid is also a TGP-w-valuation monoid. A GP-w-valuation monoid (resp. 
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TGP-w-valuation monoid) (K,+,-,Val”,0,1) is called idempotent (resp. 
ordered) if (K,+,0) is an idempotent monoid (resp. an ordered monoid). 
The results in [22, Lemmas 1 and 2] can be proved for idempotent TGP-w- 
valuation monoids by adopting the arguments of the corresponding proofs. In 
fact, in [22, Lemma 1] we prove properties of the infinitary sum operation )> 
of an idempotent GP-w-valuation monoid Kk. More specifically, we prove 
complete idempotence under the condition that the cardinality of the index 
set, over which 5> is applied, is at most continuum. We further prove that 
when )> is applied over all elements of K, and over all elements of any 
subset A’ of K, resulting sums )*> k, > k preserve the order indicated by 


keK  keK! 
the subset relation, i.c., }> k< >> k. Lastly, we prove that 5° is compatible 
kek’ kek 


with the addition of subsets of K.? In [22, Lemma 2], (resp. [22, Lemma 
3ii]) we identify conditions the elements of two subsets K’, K” of K (resp. 
two countably infinite families Cer lesa: Cane of elements of kK) should 


satisfy, so that we can conclude the order relation between 5° k and 5° k 
keK! keK" 
(resp. between Val” (ki) iso and Val” (k?) is0)- Following the arguments 
presented in the proof of [22, Lemma 3ii] we obtain a corresponding result 
for idempotent TGP-w-valuation monoids presented in the following lemma. 


Lemma 7 Let (K,+,-,Val”,0,1) be an idempotent TGP-w-valuation monoid, 
and L Crin K. If Carn and Cane are families of elements of L such that 
for every i > 0,k} < k?, and for alli > 0, it holds {ki k?} C L\ {0,1}, or 
{hike} S 10,1}, then Val? ese < Val” Care 

Lemma 8 Let (K,+,-,Val”,0,1) be an idempotent ordered TGP-w-valuation 
monoid, and k,k,,kg © K. Ifk, <k, andko <k, then ky + ko < k. 


Proof: It holds kj < k, and kg < k. Thus, ky < k, and ko < k, Then, 
ky < k, implies ki + k = k and since ky < k, we get ki + (ko +k) = 
(ki +kg) +k =k, ie., kj + ko <k. Assume now that kj + ko =k. Since K 
is ordered, it holds ky < kg, or kg < k,. If the first case is true, then by 
definition of the natural order induced by idempotency we get kg = ki + ko, 
and thus kg = k, which is a contradiction. If the second case is true, i.e., 
if ky < k, then following the arguments of the previous case we conclude 


For any two subsets K’,K” of K we let the sum of K’ with K” be the set K’+K” = 
{ki +k" | kh eK RW EK". 
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k, = k which is a contradiction. Thus, hk, + ko < k, and kj + ko #k, ie., 
ky + ko < k, as desired. 

In the rest of this paper we will consider idempotent ordered TGP- 
w-valuation monoids (K,+,-,Val”,0,1) that further satisfy the following 
properties. For all k,k; € K (i > 1) it holds 


Val” (1,k1, ka, ky, ...) = Val” (ki)js1 5 (2) 
k = Val” (k,1,1,1,...), (3) 
k<1. (4) 


Moreover, for all k € K, and all (kj);59 € (Kyin)” with kj > k (i > 0) 
it holds 7 
Val” (ko, ki, ke,..-) > k. (5) 


Properties 2, 3 have also been considered in [22]. As it was stated in [22] 
they express a notion of neutrality of 1 with respect to the w-valuation 
function, and are sufficient to establish the effective translation of formulas 
of fragments of the weighted LDTL over GP-w-valuation monoids introduced 
in that work to weighted Btichi automata. Property 4 states the fact that 1 
is the maximal element of the total order, while Property 5 expresses a 
restricted notion of monotonicity. 


Example 9 /22, Example 2/ Let ky = (Q, sup, inf, liminf, — co, oo) where 
Q = QU {c0, —00} and liminf is an w-valuation function from (Qfin)” to 


Q defined by 


if there exists 1 > 0 


—oo with dj; = —oo 
af for alli > 0, 
d; = 00 
liminf ((di);s0) = if dj; # —oo for all 


j = 0, and there exist 
infinitely many i > 0 
with d; 4 co 


sup (inf {d, | k > 7,dy 4 co}) 
i>0 


inf {d; | 7 > 0 with d; 4 co} otherwise 


Ky is an idempotent ordered GP-w-valuation monoid that satisfies Properties 
2, 8, 4, and 6. 
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Example 10 We consider the structure Ko = (Q, sup, inf, limsup, — 00, co 
where Q = QU{00, —00} and limsup is an w-valuation function from (Qhin)” 
to Q defined by 


if there exists 1 > 0 


with d; = —C 


if for alli > 0, 
d; = oo 


Hip ((ai)is0) = af dj # —oo for all 
. . j = 0, and there exist 
> 
ae (sup {dy | k 2 4, dx # co}) infinitely many i > 0 
with di 4 co 
sup {d; |i >0 withd;4#0o} — otherwise 


Ko is an idempotent ordered TGP-w-valuation monoid that satisfies Proper- 
ties 2, 8, 4, and 5. 


Example 11 We consider the structure K3 = (Q, sup, inf, sup_,,, —©%, co) 
where Q = QU{00, —00} and sup_,, is an w-valuation function from (Qfin) 
to Q defined by 


—0oo if tt > 0 with d; = —oo 
oe) if d; = oo for alli > 0 


if dj A —co for alli > 0, 


sup {dy | k > 0,dx 4 co} and 3i > 0 with dj £ ov. 


K3 is an idempotent ordered TGP-w-valuation monoid that satisfies Proper- 
ties 2, 8, 4, and 8. 


The proofs that Ko, K3 are idempotent ordered TGP-w-valuation 
monoids that satisfy Properties 2, 3, 4, and 5 can be found in the Ap- 
pendix. We also note that w-valuation functions over the reals that in- 
corporate classical sup, limsup in their definitions have also appeared 
in [23, 13, 14]. As it is stated in [7], for (d;),9€ (Qfin)” the value 
inf (sup {d;, | k >i}) = lim (sup {d;, | k > i}) corresponds to the greatest 
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element of Q that appears infinitely often along the sequence (di)isor while 

sup ((di);30) equals the greatest element of Q that appears in (d;) oo: Fi 

nally, the value sup(inf {d; | k > i}) = lim (inf {d; | k > i}) corresponds to 
i>0 i> 


the least element of Q that appears infinitely often along the sequence (d;) i>0" 


Remark 12 Let (K,<) be a totally ordered set with a minimum, and 
a mazimum element which are respectively denoted by 0, and 1. Then, 
(K, sup<,0), (K,inf<,1) are idempotent complete monoids. sup<, inf< 
stand for the supremun, and infimum respectively of possibly infinite families 
of elements of K, and are defined in the classical way with respect to <- 
ordering of kK. We define the w-valuation functions liminf<, limsup<, supg 
from (K fin)” to K in a corresponding way with the way the w-valuation 
functions liminf, limsup, and sup_.. are defined in Examples 9, 10, and 11 
respectively. More precisely, the definitions of liminf<, limsup<, supg are 
obtained by the definitions of liminf, limsup, and sup_.. by substituting inf, 
sup, -00, oo by inf<, supe, 0, 1 respectively. We consider the structures 
M, = (K, sup<, inf<, liminfc, 0, i), Mz = (K, sup<, inf<, limsup<, 0, 1), 
M3 = (K, supe, inf<, supg, 0, 1) . Then, by adopting the arguments of the 
proof of [22, Example 2], and of Examples 10, 11 presented in the Appendix 
we get that M, (resp. Mz, M3) is an (resp. are) idempotent ordered GP-w- 
valuation monoid (resp. idempotent ordered TGP-w-valuation monoids) that 
satisfies (resp. satisfy) Properties 2, 3, 4, and 5. 


In the following example we present totally ordered sets with maximum, 
and minimum element. 


Example 13 Let N = Z, U{0,+00}, and K = Nx N. We consider the 
pair (K,~<) where x stands for the order relation defined in the following 
way: For every (a1, a2), (b1, 62) € K we let (a1, a2) X (bi, b2) if ay < bi, or 
if a, = b; and a2 < bg. Clearly, (K,xX) is totally ordered with minimum 
element (0,0), and maximum element (-+-oo, +00) . 

We consider now the pair (K,S) where & stands for the order relation 
defined in the following way: For every (a1, a2) ,(b1, 62) € K we let (ay, a2) S 
(b1, b2) if ay tag < by + bo, or if ay + ag = 6; + bo and ay < by. Clearly, 
(K, S) is totally ordered with minimum element (0,0), and maximum element 
(+00, +00) . 


In the previous example elements of K could represent two distinct 
indications of energy consumption of a system. If (d;),., is a sequence of 
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measurements of these indications at distinct time moments, sup< ((di)is0) 


corresponds to the least pair (a1,a2) (according to S-ordering) with the 
property that at every time moment the overall energy consumption is 
bounded by the sum a; + a2, and whenever it reaches the value a, + a2 
the first indication of energy consumption is bounded by a;. Alternatively, 
elements of K could represent two independent function indications of a 
device. In this case, if (dj);.) is a sequence of measurements of these 


indications at distinct time moments, then sup, ((di),s0) corresponds to 


the least pair (b;,b2) (according to <-ordering) with the property that at 
every time moment the first indication is bounded by b;, and whenever 
it reaches b;, the second indication is bounded by bg. Clearly, <-ordering, 


and <-ordering of K can be used to argue about quantitative properties of 
different aspects of the behavior of a system whenever priority is of interest. 


In the rest of the paper, we will refer to idempotent ordered GP-w- 
valuation monoids (resp. idempotent ordered TGP-w-valuation monoids) 
that satisfy Properties 2, 3, 4, and 5 as idempotent ordered GP-w-valuation 
monoids (resp. idempotent ordered TGP-w-valuation monoids). 


In [22] weighted generalized Biichi automata with ¢-transitions (e-wgBa 
for short), and weighted Biichi automata with ¢-transitions (¢-wBa for short) 
over idempotent ordered GP-w-valuation monoids were introduced, and their 
expressive equivalence with weighted Biichi automata (wBa for short) over 
idempotent ordered GP-w-valuation monoids was proved (see [22, Lemmas 4 
and 5ii]). The definitions of e-wgBa, ¢-wBa, and wBa over GP-w-valuation 
monoids in [22, Definition 3] can be generalized for idempotent ordered TGP- 
w-valuation monoids in a straightforward way. The expressive equivalence of 
e-wgBa, ¢-wBa, and wBa over idempotent ordered TGP-w-valuation monoids 
can be proved with the same arguments that are used in the proofs of [22, 
Lemmas 4 and 5iij. We recall the definition of wBa. Let K be an idempotent 
ordered TGP-w-valuation monoid. 


Definition 14 A weighted Biichi automaton over A and K is a quadruple 
A= (Q,wt,I,F), where Q is the finite set of states, wt:Qx AxQ7> K 
is a mapping assigning weights to the transitions of the automaton, I C Q is 
the set of initial states, and F C Q is the set of final states. 


Let w = apa,... € A” with a; € A(t > 0). A path P, of A over w is 


an infinite sequence of transitions P,, = (qj, aj, q+1);>0° We let the weight 
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of P,, be the value 
weight, (Py) = Val® (wt (qj; aj, qj));>0 


The set In® (P,,) is defined as for Ba. The path P,, is called successful if 
qo € I, and In® (P,,) AF 4 0. We shall denote by succ4(w) the set of 
all successful paths of A over w. The behavior of A is the infinitary series 
|| A|| : AY —+ K with coefficients specified, for every w € A”, 


(|All, w) = S- weight, (Pw). 


PwEsucc,(w) 


Example 15 A wBa automaton M over Ky and A = {a,b} is presented 
in Figure 1. The behavior of M is defined as follows. (||M||,w) = co if 
w = bY, (||M||,w) = 2 if w = aw for some W € A” with a finite number of 
appearances of b, (\|M||,w) = 3 if w = aw for some U € A” with an infinite 
number of appearances of b, and (||M||,w) = —oo otherwise. We note that 
in the graphical representation of the M presented in Figure 1, we only draw 
transitions with weight different from —oo. 


Two wBa are called equivalent if they have the same behavior. A wBa 
M =(Q, wt, I, F) will be called normalized if the set of initial states J is a 
singleton, i.e., if J = {qo}. In this case we denote it by M =(Q, wt, qo, F). 


Lemma 16 For every wBa over A and K, we can effectively construct an 
equivalent normalized wBa over A and K. 


Sketch of the proof: Let M =(Q,wt,/, F) be a wBa over A and K. We 
define the normalized wBa A = (Q’, wt’, qo, F’) by setting Q’ = QU{q}US 
where go is a new state, and S = {s,|q€Q} is a set of copies of Q, 
F' = FU{s,€ S| qe F}, and wt’: Q’ x Ax Q — K is defined in the 
following way: 
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ewt! (qo, 4,P) = 2 wt(p',a,p) ifpE Q, 
p'El,wt(p',a,p)41,0 
if sg € S, 
ewt! (qo, 4, 8g) =1 and there exists ¢ € I, 


with wt (q,a,q) =1 


ewt! (Sg, a, 8g) = wt (gq, 4,9) if 59, 8g € S, 
ewt' (p,a,p) =0 otherwise 


Then, for every w = aga,... € A”, using the completeness axioms of the 


monoid we get that (||A||,w) is equal to the sum of all successful paths 
of A over w with non-zero weight, which, by the definition of wt’ _and the 
completeness axioms of the monoid, is in turn equal to the sum )>+ > where 


3 = S- weight, (Pw), and 


Pw=(%,4i%+1)i>0 
€succ ,(w) 
GEQ, 121 

weight 4(Pw)40 


S- = By weight, (Pw) - 


Pw=(Gs4i G41) i>0 
€succ4(w) 
GES, i21 
weight 4(Pw)40 
For every non-zero weight successful path P,, = (qi, @i,G+1);+9 of A over w, 
with q; € Q,i > 1, we obtain, using Property 1 and the definition of wt’, 
the following 


weight, (Pw) 


= Val” Ss wt (p',a0,q1) , wt! (q1, a1, G2) , wt! (q2, a2, 93) ,--- 
pel 
wt(p’,ao,q1) 40,1 
= Ss" Val” (wt (p’, a0, a1) , wt (qi, a1, G2) , wt (q2, 42,93) ,---) - 


p' €l,wt(p’ ,ao G1 )40,1 
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Moreover, for every non-zero weight successful path Py = (qi, ai, G41 i>0 
of A over w with q € S for every i > 1, there exist p € I,p; € Q(i > 0) 
such that qj = Sp, for every 7 > 1 and 


weight, (Pw) = Val (1, wt (p1, a1, p2) , wt (p2, a2, p3),---) 
= Val” (wt (p, ao, p1) , wt (p1, a1, p2) , wt (p2, a2, p3) ,-.-)- 


We conclude that each term of S* and S7 is equal to the weight of a non-zero 
weight successful path of M over w. Also, the weight of each non-zero 
weight successful path P, of M over w appears as a term in at least one 
of 3*, >. More precisely, if P,, = (pi, ai, pi+1);s9 is a non-zero weight 
successful path of M over w with wt (po,ao,p1) = 1, then weight», (Pw) 
equals the weight of the successful path (qo, a0, Sp, ) (Bg: Qi, Pres, of A 
over w. Now, if wt (po,ao,p1) # 1, then the weight of the successful path 
(qo, 40, P1) (Pi, Gi, Pi41);+1 Of A over w is equal to a finite sum with one of 
its terms being weighty (Pw). We thus, by the completeness axioms of the 
monoid and the generalization of [22, Lemma 1(ii)] for idempotent TGP-w- 
valuation monoids, can conclude that (||.A|| ,w) = (||M|| ,w) as desired. 


b, co 


At 


In all following sections, K will stand for an idempotent ordered TGP- 
w-valuation monoid unless specified otherwise. 


Figure 1 


5 Describing Weighted Safety with Weighted LTL 
over Idempotent Ordered TGP-w-valuation 
Monoids 


In this section we firstly aim to introduce a notion of weighted safety for 
infinitary series over idempotent ordered TGP-w-valuation monoids. More 
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precisely, given an idempotent ordered TGP-w-valuation monoid K, we will 
define for every k € K\ {0,1} the notion of k-safe infinitary series. We 
prove that an infinitary series s over kK and an alphabet A, is k-safe iff 
the infinitary language that contains all w € A” whose coefficient on s is 
greater or equal to & is an infinitary safety language. We provide fragments 
of a weighted specification language whose formulas’ semantics are infinitary 
series that express this notion of weighted safety. More specifically, we 
will extend the definition of the weighted DTZ over idempotent ordered 
GP-w-valuation monoids presented in [22] to idempotent ordered TGP-w- 
valuation monoids, and determine for every k\ {0,1} syntactic fragments 
of this logic such that the semantics of each formula in these fragments 
is a k-safe infinitary series. By presenting a counterexample we conclude 
that for arbitrary idempotent ordered TGP-w-valuation monoids K, and 
k € K\ {0,1}, the class of semantics of formulas in the aforementioned 
fragments does not coincide with the class of k-safe infinitary series. 


Definition 17 Let k © K\ {0,1} ands € K ((A”)). Series s will be called 
k-safe if for every w € A” the following hold: If Vi > 0,du € A” such that 
(3, wegu) > k, then (8,w) > ke 


Example 18 Let A = {a,b}. We consider the infinitary series S € 
Kp ((A”)) defined in the following way. For every w € A”, we let (S,w) = 3* 
if w € akb+ AY where k > 0, or (S,w) = 3 if w =a”, or (S,w) = —0o other- 
wise. Clearly, 


(S,w) >3 iffwea’U (Uses) 


k>0 


where a” U ( U ahora) =atbt AY Ua" = aA”. We prove that S' is 3-safe. 
k>0 

Let w € A” such that Vi > 0,4u € AY with (S,weiu) > 3. Then, Vi > 0, 

weiu = aw’ for some w’ € AY. Then, w(0) =a, which implies w € aA”. 

Thus, (S,w) > 3, which implies that S is 3-safe as desired. 


Example 19 Let A = {a,b}. We consider three infinitary series R € 
Ko ((A”)) defined in the following way. For every w € A” we let (R,w) = 
3*+2 if w € akbt+ AY where k > 0, or (R,w) = 3 if w =a”, or (R,w) = —0o 
otherwise. Clearly, 


(R,w) 4 —oo iff w € aA”. 
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We can prove that R is 3-safe, with the same arguments we used in the 
previous example. We prove that R is not 4-safe. To this end, let w = a”. 
Then, Vi > 0, (R, web”) = 3't! > 3? > 4, however (R,w) = 3 < 4, and this 
concludes our claim. 


Lemma 20 Let k € K\ {0,1} ,k’ © K. Then, k' € K ((A*)) is k-safe. 
Proof: — If k’ < k, then our claim trivially holds. If k’ > k, then for every 


w € A”, (k’,w) > k, and it holds: Vi > 0,4u € A” such that (k’,we;u) > k, 
and (k’,w) > k which proves our claim. 


Theorem 21 Let k © K\ {0,1} and s € K ((A”)). Then, s is k-safe iff 
Lsx,(s) is a safety language. 


Proof: Let s be k-safe. Then, for every w € A”, it holds: IfVi > 0,4u € AY 
such that (s, w<ju) > k, then (s,w) > k. This implies that for every w € A”, 
it holds: If Vi > 0,4Su € A” such that weju € Lsz(s), then w € Lx (s), 
which in turn implies that Ls; (s) is a safety language. 

Now, we let Ls, (s) be a safety language. Then, for every w € A”, 
it holds: If Vi > 0,4du € AY such that weiu € Ls, (s), then w € Lsx (s). 
Thus, for every w € A”, it holds: If Vi > 0, du € A” such that (s,we;u) > k, 
then (s,w) > k, and so s is k-safe as desired. 


Remark 22 We can obtain a to Definition 17 equivalent definition for 
k-safe infinitary series by considering the contrapositive condition. More 
specifically, fork € K\ {0,1}, s € K ((A”)) is k-safe if for every w € A” 
it holds: if (s,w) < k, then there exists ani > 0 such that for all u € A®, 
(s,weiu) < k. The equivalence of the two definitions can be obtained in a 
straightforward way using Theorem 21. 


We recall now from [22] that the syntax of the weighted LTL over AP 
and K is given by the grammar 


gu=kl|al-alyVvep|prAy|Oey| ey | Oy 


where k € K anda€ AP. As usual we identify =7a with a for every a € AP. 
We shall denote by LTL (K, AP) the class of all weighted L7'L formulas over 
AP and K. We note that formulas in LT'L (kk, AP) are by construction in 
Negation Normal Form, i.e., negation is applied only to atomic propositions. 
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Definition 23 The semantics ||y]|| of formulas yp € LTL (K, AP) are rep- 
resented as infinitary series in K (((P(AP))*)) inductively defined in the 
following way. 


- (|All ,w) =k (eA YI, %) = (ell, w) (Idle) 


' 
“—— 


alu) ={ 5 ices (le VOll uw) = Cel) +(lol 


otherwise 


' 
— 


valu) ={ 4 Vat) _ (Og, w) = (lel ,we1) 


O otherwise 


- (]eU I], w) 
= ee ((Ilel] ,weo),--- (Nell, wei-1), (IY l], wes) 1,4,---) 


- ([O¢gl|, w) = Val? (([lel], w>i))is0 


We shall denote by true the formula 1 € K. Two formulas y,w € 
LTL(K, AP) will be called equivalent, and we will denote this by y = y, 
iff (||y|] ,w) = (lW|],w) for every w € (P (AP))*. We define the weak until 
operator U by letting pUw := Oy V (pUw) . The syntactic boolean fragment 
bLTL (K, AP) of LTL(K, AP) is given by the grammar 


g:=O0|true|a|-al evel pAy|Oy| pUy|Oye 


where a € AP. Inductively, we can prove that Im (||y||) C {0,1} for every 
yp € bLTL(K, AP), and the semantics of the formulas in bLTL (Kk, AP) 
and corresponding classical LT formulas coincide. The syntactic fragment 
sbLTL (Kk, AP) of bLTL (Kk, AP) is given by the grammar 


pu=true|a|-alyVe| eAyg| Ov! eUy | Oy. 


We observe that for every y € sbLTL(K, AP) it holds y in sLTL (AP), 
and for every w € (P(AP))”, (||y||,w) = 1 iff w E vy. We will call every 
formula in sbLTL (kK, AP) a boolean safety formula. 

As in [22] we let a restricted LTL-step formula be an LTL (kK, AP)- 
formula of the form \V (ki A y;) with ki; € K\ {0,1}, y; € DLT L (Kk, AP) 


1<i<n 
for all 1 <i <n. We denote by r-stLTL (K, AP) the class of all restricted 
LTL-step formulas over AP and K. We now let Ly = {k’ € K | k’ > k} for 
every k € K. For a given k € K\ {0,1}, we let a k-LTL-step formula be an 
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LTL (kK, AP)-formula of the form \V (ki A y;) with kj € Ly\ {0,1} and 
1<i<n 

y;i € sbLTL (K, AP) for all 1 <i <n. We denote by k-stLTL (K, AP) the 

class of all k-LTI-step formulas over AP and K. 


Example 24 Let AP = {a,b}, p=O((aA 2) V (6A 3)) € LTL (K3, AP). 
Then, for every w € (P(AP))* the following hold: (||y||,w) = —oo, if for 
some position i > 0, both a,b do not belong to w (i). Moreover, (||y|| ,w) = 3, 
if for every position i > 0, at least one of a, and b belongs to w (i), and for 
at least one i > 0, b belongs to w(t). Finally, (||y||,w) = 2, if for every 
position i > 0, a belongs to w(t), but b does not. 


Example 25 Let AP = {a,b}, p=O((aA 2) V (6A 3)) € LTL (Ko, AP). 
Then, for every w € (P(AP))* the following hold: (||y|| ,w) = —oo, if for 
some position i > 0, both a,b do not belong to w (i). Moreover, (||y|| ,w) = 3, 
if for every positioni > 0,a€w(i), orb € w(t), and there exist infinitely 
many 1 > 0, such that b € w(t). Finally, (||y||,w) = 2, if for every position 
i>0,a€w(i), orb€ w(t), and there exist only finitely many i > 0, such 
that b € w(t). 


Remark 26 Let k © K\ {0,1}, and yp € k-stLTL (kK, AP). Then, p = 


V (ki A yi) where ky € Ly\ {0,1}, and yi € sbLTL(K, AP) for every 
1<i<n 
1<i<n. Then, 


Im (|| 9 ll) € {0} U De. ee 


LEAT neat} 


Clearly, Im (|| y ||) is finite. Moreover, it holds k; > k for every i € 
{1,...,n}, te, kk = k+k for every i € {1,...,n}. Thus, for every 
Le {1,...,n}, 


XS Ki, = ki, + S- ki, 
1<j<li,;€{1,...,.n} 2<j<lije{I,...,n} 
=k+k,+ oS Ki, 
2<j<1,1;€{1,....n} 


=k+ So &, =k, 
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where the first and last equality hold by the completeness axioms of the 
monoid, and the second equality and the last inequality hold by the definition 
of the natural order induced by idempotency. Clearly, for all w € (P (AP))® 
it holds (||y||,w) < k S (||y|], w) = 0. 


We recall now from [22] the definition of totally restricted U-nesting 
LTL-formulas over AP and K. Due to the restricted version of distributivity 
of Val” over finite sums that holds in TGP-w-valuation monoids, additional 
syntactic restrictions must be imposed to the formulas of the fragment of 
totally restricted U-nesting LTL-formulas in order to establish the effective 
translation of formulas of the weighted LTE over TGP-w-valuation monoids 
to wBa. To that end, we introduce the fragment of V-totally restricted U- 
nesting LT L-formulas over AP and K, which is defined inductively exactly 
as the fragment of totally restricted U-nesting LTZ-formulas with the only 
difference that we require a stronger syntactic restriction in the inductive 
step that refers to the V-operator. 


Definition 27 The fragment of totally restricted U-nesting LTL-formulas 
over AP and K, denoted by t-RULTL (Kk, AP), is the least class of formulas 
in LTL(K, AP) which is defined inductively in the following way. 


1. ke t-RULTL(K, AP) for everyk € K, 

2. bLTL(K, AP) C t-RULTL(K, AP), 

3. r-stLTL (K, AP) C t-RULTL(K, AP), 

A. If p € t-RULTL(K, AP), then Oy €t-RULTL(K, AP), 

5. If py, €t-RULTL(K, AP), then pV tb € t-RULTL(K, AP), 


6. Ifp € bLTL(K, AP), and w € r-stLTL (K, AP), 
or W = UA, or wy =UE with €,r € r-stLTL (K, AP), 
then pAW,WAy €t-RULTL(K, AP), 


7. If p,w €r-stLTL(K, AP), then pUy € t-RULTL (K, AP), 


8. Ife €r-stLTL (kK, AP), then Oy € t-RULTL(K, AP). 
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The fragment of \-totally restricted U-nesting LT L-formulas over AP 
and K, denoted by V-t-RULTL(K, AP), is the least class of formulas in 
LTL (Kk, AP) which is defined inductively exactly as the fragment of totally 
restricted U-nesting LTL-formulas over AP and K with the only difference 
that the inductive step that refers to the V-operator (condition 5) is now 
defined by the following statement 


-If y,w € r-stLTL(K,AP), or p = UE, = OE with r,€ € r- 
stLTL (K, AP), then pV v,W~V ~ € V+t-RULTL(K, AP). 


Example 28 Let » = O(aA 2) A (trueUc) € t-RULTL (ki, AP) where 
AP = {a,b,c}. Then, for every w € (P(AP))* the following hold: (\\y|| , w) 
= 2, if ti > 0, such that c € w(i), and Vj > 0, a € w(t). Otherwise, 
(Il¢ll,w) = —o0. 


Theorem 29 ({22]) Let K be an idempotent ordered GP-w-valuation monoid, 
and yp € t-RULTL(K, AP). Then, we can effectively construct a wBa over 
P (AP) and K recognizing ||y]| . 


Following the proofs of [22] we generalize the above theorem for idem- 
potent ordered TGP-w-valuation monoids and V-totally restricted U-nesting 
LTL-formulas. A sketch of the proof can be found in the Appendix. 


Theorem 30 Let Kk be an idempotent ordered TGP-w-valuation monoid, 
and p € V-t-RULTL(K, AP). Then, we can effectively construct a wBa 
over P(AP) and K recognizing ||p]| . 


We aim to introduce syntactic fragments of the weighted LTL over K, 
and AP with the property that for specific k € K\ {0,1} the semantics 
of the formulas in the fragments are k-safe infinitary series over K. We 
also aim that the formulas in these fragments preserve the property of 
totally restricted U-nesting DTZ formulas, and V-totally restricted U-nesting 
LTL formulas that can be effectively translated to an equivalent wBa. To 
motivate the restrictions that we will impose to these fragments we present 
the following examples of V-t-RULTL (Kk, AP)-formulas whose semantics 
are not k-safe for specific k € K\ {0,1}. 


Example 31 We let AP = {a,b}. Then, yp = (3Aa)U(3Ab) € V-t- 
RULTL (Ko, AP). It holds 


tle =| 3 if we {{a}, {a,b}}° {{}, fa, }} (P(AP))* 


—oo otherwise 
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Let w = {a}”, then for every i > 0, (|| 9 ||, we; {b}”) = 3 > 3. However, 
(ll @ ||, {a}°) = —0o < 3, which implies that || ¢ || is not 3-safe. 

Let now wy = O(2Aa) V ((2Aa)U (8A 0)) € V-t-RULTL (Ko, AP). 
It holds 


3 if we {{a}, {a,b} }" {{b}, fa, b}} (P (AP))” 
(lo l,w)=4 2 ifw= fa}? 


—oo otherwise 


Let w = {a}”, then for every i > 0, (|| w ||, we; {b}”) = 3 > 3. However, 
(\| & ||, {a}*) = 2 < 3, which implies that || w || is not 3-safe. 


Definition 32 Let k © K\ {0,1}. The fragment of k-safe totally restricted 
U-nesting LTL-formulas over AP and K, denoted by k-t-RULTL (Kk, AP), 
is the least class of formulas in LTL (K,AP) which is defined inductively in 
the following way. 


1. Ly C k-t-RULTL(K, AP), 

2. sbLTL(K, AP) C k-t-RULTL(K, AP), 

3. k-stLTL (K, AP) C k-t-RULTL(K, AP), 

4. If p € k-t-RULTL(K, AP), then Og € k-t-RULTL(K, AP), 

5. Ife, w € k4-RULTL(K, AP), then p Vb € k-t-RULTL(K, AP), 


6. Ife € sbLTL(K, AP), and w € k-stLTL (K, AP) 
or wy = EUX, or = UE with €,A € k-stLTL(K, AP), 
then pAW,WAy € k-+t-RULTL(K, AP), 


7. If y,w € k-stLTL(K, AP), then gUy € k-t-RULTL (K, AP), 


8. If p € k-stLTL (K, AP), then Oy € k-t-RULTL (K, AP). 


The fragment of k-safe \-totally restricted U-nesting LTL-formulas over 
AP and K, which is denoted by k-V-t-RULTL (kK, AP), is the least class 
of formulas in LTL(K,AP) which is defined inductively exactly as the 
fragment of k-safe totally restricted U-nesting LTL-formulas over AP and Kk 
with the only difference that the inductive step that refers to the V-operator 
(condition 5) is now defined by the following statement 
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-Ify,w € k-stLTL (K, AP), then pV w € k-V-+t-RULTL(K, AP). 


Remark 33 We note that k-V-t-RULTL(K, AP)C k-t-RULTL(K, AP). 
Moreover, for allk € K\ {0,1}, 0 ¢Lx, and for every k-t-RULTL (kK, AP)- 
formula (resp. for every k-V-t-RULTL (K, AP)-formula), we can construct, 
using the definition of U, an equivalent t-RULTL (kK, AP)-formula (resp. 
an equivalent V-t-RULTL (kK, AP)-formula). 


Next, we will prove that the semantics of k-t-RULTL (K, AP)-formulas are 
k-safe infinitary series over K and P (AP). We shall need the following 
lemmas. 


Lemma 34 [fk © K\ {0,1}, andy € sbLTL(K, AP), then ||y|| is k-safe. 


Proof: Let w € (P(AP))® such that Vi > 0,4u € (P(AP))*, with 
(y||, weiu) > k. By Property 4 of TGP-w-valuation monoids, the facts that 
k £0, and Im (||y||) = {0,1}, we get that Vi > 0,4u € (P(AP))*, such 
that (|y||,weiu) = 1, ie., Vi > 0,4u € (P(AP))”, with we;uk-y. Then, 
since £L(¢) is a safety language, w — y, which implies that (||y||,w) = 1 >k 
as desired. 
Let now k € K\ {0,1}, andy= V (kiA yi) € k-stLTL(K, AP). 
1<i<n 
We assign to y the formula yy, := VY yy; € sbLTL(K, AP). In addition, 
1<i<n 
ifp = Wwue (resp. p = Oy, p = YUE), with 7, € € k-stLTL(K, AP), we 
assign to y, the formula yp := WUE, € sbLTL (K, AP) (resp. yp := Oy € 
sbLTL (Kk, AP), po := WyeU& € bLTL(K, AP) ). In fact, the operator yp 
assigns to y a boolean formula whose language coincides with Ls, (||y||). 
With Lemmas 35, 36, that follow, we prove the latter property. 


Lemma 35 Let k € K\{0,1}, and » € k-stLTL(K,AP). Then, the 
following is true: For every w € (P(AP))”, (lvl, w) > k iff w E yo. 


Proof: Let p= V (ki Agi) € k-stLTL(K,AP). Then, for every 
1<i<n 


w € (P(AP))® it holds: 


(llell,w) 2k 
iff 
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VV (ki Ayi)||,w] =k 


1<i<n 


iff 


VV (ki A yi) »W #0 


1<i<n 
iff 
Ae © Ll gece hp Sade: (Gy || SE 
iff 
we V/ Pi = Pb; 
1<i<n 


where the second equivalence is obtained by Remark 26. The straight 
implication of the third equivalence is obtained by assuming the contrary 
and by the semantics of LTL (kK, AP)-formulas. The inverse implication 
of the third equivalence holds by the semantics of LTL (kK, AP)-formulas 
and the fact that K is zero-sum free. The last equivalence is obtained 
by the coincidence of the semantics of sbLTL (Kk, AP)-formulas with the 
corresponding sLTL (AP)-formulas. 


Lemma 36 Let yg = wus, or yp = Ov, or p = WUE with W,€ © k- 
stLTL(K,AP). Then, the following is true: For every w € (P(AP))”, 
(ell, w) = & iffw F 9%. 


Proof: Let » = Oy, with ~ € k-stLTL(K,AP). Then, the following 
equivalences are true: 


(llel| ,w) = (]O¢|] ,w) = Val” (((bl] ,w>5)) poo 2 
iff (|||, w>j) =k, V7 = 0 
iff 
w>j F vs, Vj = 0 
iff 
w F Os = po. 
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To derive the straight implication of the first equivalence we assume 
the contrary. Then, since K is ordered, 4j > 0 with (||~||,ws;) < k, which 
by Remark 26 implies that (||q)||,w>;) = 0. Thus, by definition of Val’, 
we get Val” ((||v|| W>j)) 550 = 0, which is a contradiction. The inverse 
implication of the first equivalence is concluded by Property 5. The second 
equivalence is concluded by Lemma 35, and the last one by the semantics of 
LTL (AP)-formulas. 

Let y = WUE with o,€ € k-stLTL (K, AP), and w € (P(AP))*. Then, 
the following equivalences are true: 


(lIell v) = (IleUEl] ,w) 
= S Val” (lll, woo) s--+s (Ill, wen—1) 5 (IIEll, wen) 51, 1,...) 2% 


h>0 
iff 
dh > 0 such that (||€]|,wsn) > & and (||¢||,ws1) >k,O<1<h-1 
iff 
dh > 0 such that wsp, F & and ws; F Wy,0<I1<h-1 
iff 


w EF WU& = vp. 


In order to prove the straight implication of first equivalence we assume the 
contrary. Then, since K is ordered, we get that for all h > 0 it holds 


(\|€l|, worn) <&, or (|le||, wor) < k for some J € {0,...,h—1}. 
This, by Remark 26, implies that for all h > 0 it holds 
(\I€||, wn) = 0, or (||P||, w>1) = 0 for some J € {0,...,h-—1}. 
Thus, 
VA > 0, Val” ((llb]],w>0),---5 (IMI, w>n-1) (IIE, war), 4,1,-..) = 9, 


and so by the generalization of [22, Lemma 1(ii)] for idempotent TGP-w- 
valuation monoids it holds: 


diVal® ((lel] veo) ,---,(IPl], wear). (IIEll, wea) 1,1,--.) =0 


h>0 
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which is a contradiction. The inverse implication of the first equivalence is 
derived by the completeness axioms of the monoid and Properties 4, 5. As 
in the previous case, the second equivalence is concluded by Lemma 35, and 
the last one by the semantics of LTL (AP)-formulas. 

Finally, if p = WUE, v,€ € k-stLTL(K, AP), and w € (P(AP))”, the 
following equivalences are true: 


(Ikell ,w) = (|| bel] ,w) = (vl, w) + (IbTEll ,w) = 
iff 
(|u| ,w) = k or ([lWUEl|,w) > k 
iff 
w & Dy or w E WVE, 
iff 


w KE wU& = vo. 


The straight implication of the first equivalence is derived by assuming the 
contrary and Lemma 8, while the inverse implication of the first equivalence 
is derived by the definition of the natural order induced by idempotency, the 
associativity, and the commutativity of the monoid. The third equivalence 
is derived by the previous cases, and the last one by the semantics of 
LTL (AP)-formulas. 


Lemma 37 Let k € K\ {0,1}, and y € k-stLTL(K, AP). Then, ¢ is 
k-safe. 


Proof: Lety= VY (ki Ay) € k-stLTL(K, AP), and w € (P(AP))” 
1<i<n 
such that for every j > 0,4du; € (P (AP))® with (||| ,w<juj) > k. Then, by 
Lemma 35 we get that Vj > 0, Su; € (P(AP))® with wejuj EQ = Vi vi. 
1<i<n 
Then, for at least one i € {1,...,n}, there exist infinitely many j > 0, 
such that wejuj FE yi € sbLTL(K,AP) for some uj € (P(AP))”. Let 
now ji < jo < j3 < ... be the sequence of positions with w<j,uj, - 
yi for some u;, € (P(AP))”, 1 > 1. Let 7 < jp, for some h > 1, then 
Wj, = Wejw(j)...w(jn — 1). Thus, for u; = w(j)...w (Gn — 1) uy, we 
get wejuj - yi as desired. Since for all j > 0, there exist h > 0 such that 
j < jn, we conclude that for all 7 > 0, there exists u € (P(AP))* with 
weju F yj. Since p; € sLTL (AP), we conclude that w — y;. This implies 
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«) >kas 
desired. 


We are ready now to prove that the semantics of k-t-RULTL (Kk, AP)- 
formulas are k-safe infinitary series. 


Vo (ki A gi) 


1<i<n 


that (||yil],w) = 1, and hence (||¢||,w) = ( 


Theorem 38 Let k € K\ {0,1}, and » © k-t-RULTL(K, AP). Then, 
llvll € & (((P (AP))*)) ts k-safe. 


Proof: | We prove the Lemma’s claim by induction on the structure of 
k-t-RULTL (kK, AP)-formulas. For y = k’ € Ly, by Lemma 20 we get that 
|k’|| = k’ is k-safe. For yp € sbLTL(K, AP), y € k-stLTL(K, AP) we 
obtain our claim by the Lemmas 34 and 37 respectively. 

Assume that €,~ € k-t-RULTL (kK, AP) such that the induction hy- 
pothesis holds for w,€. Let p =€V w, and w € (P (AP))* such that Vi > 0, 
du € (P(AP))* with (|ly||,weiu) > k. Then, Vi > 0,5u € (P(AP))® 
with (||§|| ,weu) + (||v||, wesw) > k. By assuming the contrary, and us- 
ing Lemma 8, we get that there exist infinitely many 7 > O such that 
(\|W||,weiu) > k for some u € (P(AP))*, or there exist infinitely many 
i > 0 such that (||€||, we;u) > k for some u € (P(AP))*. Assume now 
that the first case is true and let i; < ig < ig < ... be the sequence of 
positions with (|||, w<i;u,;) > k for some uj, € (P(AP))*, j > 0. Let 
i < ip, for some h > 1, then we;, = weiw (i)... w (in — 1). Thus, for u = 
w (t)...w (tn — 1) ui, we get (||e||,w<ju) > k as desired. Since for all i > 0, 
there exist h > 0 such that 7 < in, we conclude that for all 7 > 0, there exists 
u € (P(AP))® with (||w||, wu) > k. Then, by induction hypothesis 7 is 
k-safe, i.e., (||W||,w) > &, which implies that (||w|| ,w)=k + (|||, w) . Thus, 
(ell, w) = Mell, w) + (ell, w)= + (Ell, w) + (ell, w)) = + (lel), 
where the second equality is derived by the definition of the natural order 
induced by idempotency, the associativity, and the commutativity of the 
monoid. Thus, (||y]|,w) > & as desired. Now, if the second case is true, we 
conclude our claim with the same arguments. 

Next, we let y = O€, and w € (P(AP))* such that Vi > 0,4u € 
(P (AP))” with (yl ,weju) = (lie (weitt)s1) > k. This implies that for 
every i > 0, du € (P(AP))* with ((|€||,(w>1)-, u) > & (observe that for 
all i > 0, (ws1)e,;u = (w<i41u)s,), and since by induction hypothesis € is 
k-safe, we get (||€||,ws1) > k, ie., (\|O&||,w) > & as desired. 

Let now y = PA€ with p € sbLTL(K, AP), and € € k-stLTL(K, AP), 
or € = CUA, or € = O¢ with ¢, A € k-st LT L (K, AP) , such that the induction 
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hypothesis holds for w,€. Let w € (P(AP))* such that Vi > 0, du € 
(P(AP))* with (|ly|],weiu) > k. Then, Vi > 0,5u € (P(AP))* with 
(l|e|] , weiu) - (||€|, wesu) > k, and since k 4 O and w is boolean, we get 
that Vi > 0,4u € (P(AP))® with (||~]],weiu) = 1, and (|||, weju) - 
(|E|]| ,weiu) = (||§||, wesw) > k. Thus, since by Property 4 we get that 1 
is the maximal element of K, it holds that Vi > 0,4u € (P(AP))® with 


(||e|| ,weiu) > k, and (\|§||,weiu) > k. Then, by induction hypothesis we 
get (|/v||,w) > &, and (||§||,w) > &, which, taking into account that w is 
boolean and k 4 0, implies that (||w||,w) = 1 and (||§|| ,w) > &, and thus 
(ell, w) = (Ivll.2 w)  (\é|| -w) > k as desired. 

Let gy = WUE with ,€ € k-stLTL(K,AP), and w € (P(AP))® 
such that Vi > 0,4du € (P(AP))® such that (||y||,weju) > k. Then, by 
Lemma 36, we get that for all i > 0, du € (P(AP))® with we;u E ¢ , 
and since yp, € sLTL (AP), we conclude that w - yp. By Lemma 36, this 
implies that (||y||,w) > & as desired. 

We now let y = Ow with w € k-stLTL(K, AP), and w € (P (AP))® 
such that Vi > 0, du € (P (AP))* with (||y|| , weju) > k. Then, by Lemma 36, 
for all i > 0,5u € (P(AP))*, weisu FE vp € sLTL(AP). Hence, w — sp, 
and again by Lemma 36 we get that (||y]||,w) > k as desired. 


Corollary 39 Let k € K\ {0,1}, and y € k-V-t-RULTL(K, AP). Then, 
lvl € & (((P (AP))*)) ts k-safe. 


Remark 40 Let k € K2\{-—co,co}. Then, by induction on the struc- 
ture of formulas in k-t-RULTL (K2, AP), and using Remark 26, we can 
prove that Im (||y]|) és finite, for every yp € k-+t-RULTL (Ko, AP). In Ex- 
ample 18, we have presented the 2-safe infinitary series S € Kg ((A”)), 
where A = {a,b}, with Im(S) being an infinite set. We set AP = {a,b}. 
Clearly, S € K2(((P (AP))*)). This implies that the class of semantics of 
2-t-RULTL (K2, AP)-formulas is a proper subclass of the class of 2-safe 
infinitary series over K2, and P (AP). 


Corollary 41 Let AP be a finite set of atomic propositions. Then, for the 
arbitrary idempotent ordered TGP-w-valuation monoid K, andk € K\ {0,1} 
the class of semantics of k-t-RULTL (Kk, AP)-formulas does not coincide 
with the class of k-safe infinitary series over K, and P (AP). 


Example 42 Let AP = {a,b}, p =U (aA 2) € 2-V-t-RULTL (Ko, AP). 
For every w € (P(AP))*, it holds (||y||,w) = 2 whenever a € w(i) for 


Describing Weighted Safety with Weighted LTL 
over Product w-valuation Monoids 127 


every i > 0, and (||y||,w) = —oo otherwise. We verify that ||y|| 1s 2-safe. 
More precisely, let w € (P(AP))* such that for every i > 0 there exists 
u € (P(AP))® with (||pl|,weiu) > 2. This implies that for every i > 0, 
a € w(j) for every0 <j <i-—1, which in turn implies that a € w (i) for 
every i > 0, ze., (||y|| , w) = 2. 


Example 43 Let y = (3Ab)U(3Aa) € 2-V-t-RULTL(K2, AP) where 
AP = {a,}}. It holds (||y||,w) = 3 if b € w(J) for all j > 0, or if there 
exists ani > 0, such that a € w(t) and b € w(j) for everyO <j <i-1. 
Otherwise, (||y||,w) = —oco. Clearly, ||y|| 71s 2-safe. More precisely, let 
w € (P(AP))® such that for every i > 0 there exists u € (P(AP))® 
with (||y||,weiu) > 2. Then, for every i > 0, Ju € (P(AP))* such that 
at least one of the following is true: (||((3A6)U (3Aa)||,weiu) > 2, or 
(| (3A b)||,weju) > 2.3 This implies that at least one of the following is 
true: There exist infinitely many i > 0 such that du € (P(AP))® with 
(|(8 A b)U (3A a)||,weiu) > 2, or there exist infinitely many i > 0 such that 
du € (P(AP))® with (J (3A b)||,wesu) > 2. If the first case is true we de- 
rive that Vi > 0, Ju € (P (AP))* , such that (||(3 A b)U (3 Aa)||,wesu) > 2.4 


Hence, Vi > 0,4u € (P(AP))* , 4; > 0 such that (lI3.4 b, (weit) si) = 


ist ani > 0, such tha 


(lI3 Aol, (weitsn) 
This implies that Jj > 0 such that (BA b||,wsn) > 2(0<h<j-1) 
and (|[3Aal|,ws;) > 2, ie., (JPUEl|,w) > 2, which in turn implies that 


jwie|| ,w) > 2 as desired. Assume now that for all i > 0,4}; < i such 


du € (P(AP))” ,9; € {0,...,i—1} such that 
(0<h< 4-1) and (lI3.A all ,(weitt)s.,) 319 


(A 
( 
2(0<h<j,-1), and (\i3 A all, (weitt)s ,) > 2.° Assume that there ex- 
t 
2 


|3 A all, (weitt)>;,) > 2. Then, we get that for alli > 0, (\i3 A bl, (weitt)sn) 
2(0 <i<j-—1), which implies that (||3 A b||,ws;) > 2 for alli > 0, ie., 
(JO (3A b)||, w) > 2, and thus (3 Ab)U(3A a)| w) > 2 as desired. 


w) >2 


Vai aa 


If the second case is true we conclude that (3 Ab)U (3Aa) 
with similar arguments. 


3This claim is derived by assuming the contrary, and Lemma 8. 

‘This claim is derived with the same arguments used in the proof of Theorem 38 in the 
inductive step of the disjunction. 

°This claim is derived by assuming the contrary, and using the definition of Val”, and 
Remark 26. 
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By Remark 33, Theorems 29, 30, and Corollary 39 we conclude the 
following. 


Corollary 44 (i) Let K be an idempotent ordered GP-w-valuation monoid, 
k € K\ {0,1} and y € kt-RULTL(K, AP). Then, we can effectively 
construct a wBa over P (AP) and K recognizing |||| . 


(ii) Let K be an idempotent ordered TGP-w-valuation monoid, k € K\ {0,1} 
and y € k-V-t-RULTL (kK, AP). Then, we can effectively construct a 
wBa over P (AP) and K recognizing ||p|| . 


6 A Motivating Example 


In this section we present an example on how k-safe weighted LTL-formulas 
can be used to draw conclusions related to the quantitative behavior of 
systems. More specifically, motivated by the work in [30], we consider a 
weighted transition system that models the routes of a robot that moves 
between states realizing in some of them gathering of data, or control, or 
uploading of data. The weights on the transitions of the system represent the 
amount of energy that is produced by the robot’s movement in each transition. 
In fact the weighted transition system that we consider is a variation of 
the corresponding one in [30]. We determine quantitative properties that 
could be related to the preservation of the movement of the robot, and for 
a specific rational number k, we consider a k-safe weighted DTI formula 
over kK and P (AP) that expresses the aforementioned properties, where AP 
is the set of propositions used to label the states of the weighted transition 
system. We then translate the weighted transition system to a weighted 
Biichi automaton over K2 and P (AP), with the following property: each 
path of the automaton, with weight different from —oo, simulates a run of 
the transition system, and vice-versa. We finally prove that the behavior of 
the automaton is equal to the semantics of the formula, verifying in this way 
that the weighted transition system has the desirable quantitative properties. 


We let T = (Q,q0, R, AP, L, we) where 


e Q = {90; M1; q2, q3} ’ 


e AP = {gather, upload, control} , 


e R= {(qo, 92), (G2,93) » (43, 90) » (42,41) (M1, G0) F 
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e L:Q-— P(AP) is given by L (qo) = 9, L(g) = {upload}, L (q2) = 
{gather}, L (q3) = {control, upload}, 


e we: R — Qspo is defined by we (qo, q2) = 8, we (q2, 93) = 5, we (G2, H1) = 
ce Wwe (3, qo) = 3, and we (a, qo) = 10. 


{O} 4 upload} 
10 (a ) 


{control, upload} 


Figure 2 
{gather} The weighted transition system T 


Remark 45 Let r1) = qoqiq---,T2 = HUq--. be runs of T such that 
r1 #12, then i > 0 with q; A gj, which by the definition of T implies that 
Fi > 0 such that L(q) 4 L (qj), t.€., Wry A Wro- 


We are interested in verifying that T’ has the following properties that 
could be related with the preservation of the movement of the robot. 

Property 1: The greatest amount of energy that is produced infinitely 
often along any run of T is greater than 8. 

Property 2: Along any run of T, whenever a state q, where uploading 
and control are both executed, is visited, then an amount of energy equal 
to 8 should be produced during a transition that appears in the run after 
a finite number of transitions after q is visited, and whenever a state q’, 
where uploading is executed but control is not, is visited, then an amount 
of energy equal to 10 should be produced during a transition that appears in 
the run after a finite number of transitions after q' is visited, and whenever 
a state q", where uploading is not executed, is visited, then an amount of 
energy equal to 8 should be produced during a transition that appears in the 
run after a finite number of transitions after q" is visited. 

To this end we work as follows. We translate T to a wBa over Ko and 
AP, such that the sequence of weights of the transitions of each path of 
the automaton, with weight different from —oo, over a word w simulates 
the sequence of weights of a run of T defining the word w, and vice-versa. 
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Moreover, we consider an 8-V-totally restricted U-nesting weighted LTL- 
formula y whose semantics expresses Properties 1, and 2. We finally 
prove that the behavior of y coincides with the behavior of the automaton. 

More specifically, we consider the normalized wBa M = (Q, wt, qo, Q) 
over Ky and P (AP) where wt: Q x P (AP) x Q is given by 


\_ J we(a,g;) if L(qi)=7, and (qi,qj)¢R 
WEG) { —0o otherwise 
for every i,7 € {0,1,2,3}. Clearly, every path of M over a word w € 
(P (AP))* is successful. 

Next, let r = qoqiqg... be a run of T defining the word w,. Then 
Pi, = (a, £ (a) Gi+1)i>0 is a path of M over w, with 


weighty (Fe) = limsup ((wt (qi, L (qa) .dit1))is0) 


= limsup ((we (Gi; ai1))iz0) F —O. 


Moreover, if Py = (Gi, Ti, Git1)is0 is a path of M over w = mo0m179... 
with weighty, (Pv) 4 —oo, then r = qoqiq2... is a run of T defining 
the word w, = w, and the weight sequence w, = (wt (G4, 7i,%+41))is9 = 
(we (4i,4:+1));s9- Thus, there is a one-to-one correspondence between the 
runs of T defining the word w, and paths of M over w with weight —oo. 
Then, by Remark 45, we conclude that there exists at most one path P,, of M 
over w with weighty (Pw) 4 —co, and weighty (Pw) represents the maxi- 
mum amount of energy that is produced infinitely often by the movement of 
the robot along the corresponding run r of 7. Thus, 


weighty (Pi,) if there exists a run r of T with w, = w 
—oo otherwise 


(IMI) = { 


We consider now the formula y = w Aw! € 8-V-t-RULTL (Ko, AP) 
where 


yw’ =O ((upload A 8) V (upload A control A 8) V (upload A =control A 10)) , 


w= 91 AO (91 V 2 V 3) 
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— v1 = agather \ upload A scontrol \ CQgather, and 
— y2 = gather \ supload \ —control \ CQupload, and 


— 3 = ((control A upload \ >gather) V (=control \ upload \ —gather)) 
A © (-gather A supload A -control) . 


We note that y; expresses the property that the robot is at a state 
where no action is realized, and at the next state that is visited gathering 
of data should be realized. ya describes the property that the robot is at a 
state where gathering of data is realized, and no other action is executed 
by the robot while it is in that state, and at the next state that is visited, 
uploading of data should be realized. y3 expresses the property the robot is 
at a state, where uploading of data and control are realized, but gathering of 
data is not, or at a state where only uploading of data is realized, and at the 
next step a state is visited where no action is realized. In fact w specifies the 
requirements that an infinite word w € (P (AP))* should satisfy so that it is 
obtained by a run of T. More specifically, it holds that if w € (P (AP))® is 
a word defined by a run in T, then (||w|| ,w) = 1, and vice-versa. Moreover, 
(|||, w) =1, implies w — yy. Finally, y expresses Property 2, and since 
y is 8-safe we get that y expresses Property 1 as well. 

Then, for every w = 7977... € (P(AP))” we get 


if there exists a run r of T' such that w, = w, 
and q; does not appear infinitely often along r 
(|yl| ,w) = 10 if there exists a run r of T such that w, = w, 
and q, appears infinitely often along r 
—co otherwise 


It holds 
ll e l= MI. 


Then, for every w € supp (||M||), it holds 


(| M|l,w)= sup (weighty (Pw)) = weight (Py) 2 8; 


Pw €succy (w) 


where r is the unique run of T with w, = w. We thus get that the maximum 
amount of energy that is produced infinitely often along any run of T is 
greater than 8, and Property 2 is satisfied for any run of T. 
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7 Algorithms for k-safety 


In this section, firstly for K2, K3 (resp. for Ky), we present an algorithm 
that given a wBa and a k-safe V-totally generalized U-nesting weighted 
LTL formula (resp. k-safe totally generalized U-nesting weighted LTL for- 
mula), decides if the semantics of the formula coincides with the behavior 
of the automaton. The core of the algorithm is based on the fact that 
the weighted LTL formula can be effectively translated to a wBa, and the 
quantitative language equivalence problem is decidable for wBa over these 
specific structures. For the proof of this last decidability result we follow the 
approach of the constructive proof of the corresponding result in [7]. More 
precisely, for the proof of the following lemmas we follow the constructive 
approach of Lemmas 1, and 2 in [7]. We finally conclude that the algorithms 
presented can be adopted for larger families of TGP-w-valuation monoids, 
and GP-w-valuation monoids. 


Lemma 46 Let M =(Q,wt,qo,F) be a wBa over K3 and A. We can 
effectively construct a wBa M= (0, wi, @, F) over Ko and A such that 


m= 


Proof: Let C = Im(wt)\ {oo}. We define the wBa M= (0, wt, Go, F) 
over Ky as follows . We set 


© Q=QU(QxC) 


© 4 = % 
wt(p,a,p) if (pasp)e Qx AxQ 
wt(p,a,q) ifpe Q,p= (g,wt (p,a,q)) €Qx C 
© wi(p.a,p)=4 0 eo 
Vv ifp=p=(q,v)EQxC 
—oo otherwise 
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Let w = aga,... € A”. We show that for every P,, € succG (w) with 


weight G (3) # —oo, there exists a successful path P,, of M over w 


with weight G (Pu) < weighty (Pw). We let P, = totite... € succ Gq (w) 


with weight G (Pa) # —oco. Let In® (Po) C Q. Then, P, is also 
a successful path of M over w, and we point out the following cases. 
(a) If weight G (Po) # oo, then weight G (P.) = limsup (wi (t)) < 
weight (Pw) = Sup_o. (wt (ti));s9 as desired. (b) If weight G (Pu) =.00, 


then the weight of each transition is equal to oo, and thus P,, is also a 
successful path of M with the same weight. Assume now that there exists 


qe In@ (Po) , such that ¢ ¢ Q. Then, weight G (Pu) # oo, and P 

(G0, 40, 41) -- - (Qj, 45,41) (Qj41, Gi+1, (G42, )) ((Git5,¥) 49, (Gitj41,Y)) 550 
with weight G (Pu) =v = wt (G41, G41, (G42,¥)) = wt (G41, 5415 942). 
Then, the path Py = (gi, 4, Gi+1)j>0 is a successful path of M over w with 


weight (P i < weighty, (Pw) as desired. 
Thus, 


(| 


OES gre) 


< sup — (weighty (Pw)) = (|IM||,w) - 


Pw€succ yy (w) 

We now prove that for every Py € succyy (w) with weighty (Pw) 4 
—oo, there exists a P,, € succ Gq (w) such that weighty (Pw) < weight G 
We let Pw = (ti)jx9 € succm (w) with weighty (Pw) # —o0. If weight (Pw) 
# oo, then we obtain a successful path P,, of M over w with weight G (Po) = 
weight (Pw) in the following way: We let t; = (qi, ai, gi+1) for all i > 0, 
and we construct Py by copying the finite prefix of P, until we reach a 
transition t; with wt (t;) = v = weighty, (Pw), and then we act as follows: 
if @41 € F' we loop through (q+1, v), i.e 


n 


Pw = (G0, 0, 41) --- (Gis Gi, (Gi+1, V)) ((Git1, ¥)  @i+y, (G45) p51 


otherwise we reach a final state (q+4%,v),k > 2,q+% € F, with the sequence 
of transitions 
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(di44, Qi+1, (Gi+2, v)) ((dit2, v) > Ai+2, (G43, v)) one ((qi+e-1, v) »Ai+k-1) (Gtk, v)) 
and finally loop through (q+%,v), ie., 


Pu = (qo, ao, un) tee (Gi ai, (di+1, v)) (di44; Gi+1, (qi+2; v)) 
((di+2, v) » Aj42, (G43, v)) cee Can ose v) > Aj+k-1) (Gitks v)) 
(dirk, v) » Di+js (Gitks U)) j>k 


If weight, (Pw) = oo, then P,, is also a successful path of M over w with 
the same weight. Thus, 


(IM||,w) = nae (weight. (Pw)) (7) 
< sup (weight; (P.)) = (||| ,w) . 


Py Esucc G(w) 


Hence, by (6), (7) we get that (4) 
and this concludes our proof. 


,w) = (||M|| , w) for every w € A”, 


Lemma 47 Let N =(Q,wt,qo, fF) be a normalized wBa over Ky and A, 
and v € Q. We can effectively construct a Ba N2” such that |=” | = 
{we A® | (|M||,w) 2 v}. 


Proof: We first construct a Ma M2” with ||M=2"|| = {w € A® | (|V|],w) > v}. 
Then, we obtain the claim by Theorem 1. We assume first that v € Q. We 
let M2” = (Q2, A, ae”, Az", F2") where 
© Q2” = (Q x {0,1,3,4} x {B,C} U (Q x {2,5,6} x {B,C}) 
where Q = {s_|q€ Q} is a set of copies of the elements of Q 
Ad d6" = (qo, 0, C) 


e The set of final sets is defined as follows 
FR = {PF |Fc FRURUB FOF AIRF 0} where 


Fy = (Q x {3} x {C, BYU(Q x {2} x {C, B})U(Q x {6} x {C, B}), 


Fy = (Q x {0,1,3,4} x {B}) U (0 x {2,5, 6} x {B}) and 
F3 =Q x {1,4} x {B,C}. 
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The definition of A2”, and the proof of the equality 
|| M2" || = {we AY | (IM, w) = 0} 


is presented in an analytical way in the Appendix. We only here describe 
intuitively the operation of M2”. The set of states of M2” are triples in 
which the first component is either a state of N or a copy of a state of V. A 
transition ((q,i,k),a,(G,j,1)) of M2” between states whose first component 
is an element of Q simulates the transition (q,a,q) of NV. At the same time 
the information on whether the weight of the simulated transition is greater 
or equal to v, or smaller to v, or equal to oo is indicated by the number that 
appears in second component of the arriving state, i.e., 7 is equal to 1,3, or 4 
respectively. The third component of the arriving state is B if the arriving 
state of the original transition is final, and C otherwise. Copies of states of NV 
are used to simulate paths of NV’ where there exists a position after which 
the weight of each transition, appearing in the path, is co. More precisely, a 
path of the original automaton where the weight of each transition is equal 
to oo is simulated by a path of M2” where the first component of every 
state, but the first one, is a copy of the corresponding state of the original 
path. The second component of every state, but the first one, of the path 
of M2” is equal to 2, indicating that the weight of the transition, that is 
being simulated, is equal to oo. The third components of the states that 
appear in the new path are either B, or C, depending on whether the first 
component of the state is a copy of a final state of the original automaton 
or not. Finally, paths of the original automaton (with weight different from 
# —oo) in which there are finitely many transitions with a rational weight, 
and at least one transition with weight greater, or equal to v, are simulated 
in the new automaton by paths where the automaton transits to a state 
where the first component is a copy of the corresponding state of MN when 
the weight of the transition that is being simulated is a rational number 
greater, or equal to v. The second component of this state equal to 5. Then, 
the rest of the original original path is simulated by transitions between 
states whose first component is a copy of an element of Q, and second 
component is equal to 5, up until the point where some transition with 
weight oo is simulated. Then, M2” enters a state whose second component 
is equal to 6. Finally, the new automaton can move from a state with second 
component 6, only to states whose second component is also 6, and only to 
simulate a transition of the original automaton whose weight is equal to oo. 
The Muller acceptance condition is used to verify that successful paths of 
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the new automaton simulate successful paths of NV in which the weights of 
the transitions are equal to the desired values infinitely often. 

If v = oo, we prove our claim similarly. Finally, if v = —oo, then 
(|A/|| , w) > v for every w € A”, which implies that {w € A” | (||M/]] ,w) > v} 
= A”, and it is trivial to construct the desired Ba. 


Lemma 48 Let N =(Q,wt,qo, F’) be a normalized wBa over Kk, and A, 
andv € Q. We can effectively construct a Ba N2” over A such that V2" || — 
{we A® | (|W||,w) 2 v}. 


Proof: To prove the Lemma’s claim we first construct a Ra M2” with 
the property that \|2”|| = {we A” | (||N]|,w) > v}. Then, the claim 
is obtained by Theorem 1. The construction of M2” is presented in the 
Appendix. 


Theorem 49 The quantitative language-inclusion problem is decidable for 
wBa over Ky, or Ko, or K3 and A. 


Proof: Let NV =(Q, wt, qo, F), N= (0, wt, qo, F) be two wBa over K2 and 
A. Let C = Im (wt) , and C=Im (wi). Clearly, C, C are computable. Since 
(V'|,w) € C for all w € A, it holds ||] C ||" iff ||N2"|] C we" 


all v € C, where N2”, N2” are the Ba obtained by NV, NV following the proof 
of Lemma 47. We thus conclude that the quantitative inclusion problem is 
decidable for wBa over Ko. The proof for wBa over Ky is treated similarly. 
We conclude our claim for wBa over K3 by Lemma 46. 


for 


Theorem 50 The quantitative language equivalence problem is decidable 
for wBa over Ky, or Ko, or K3 and A. 


Let now AP be a finite set of atomic propositions. The following 
Theorem is concluded by Corollary 44, and Theorem 50. 


Theorem 51 (i) Let k € Ki\ {-c, 00}. If p © k-t+-RULTL (hk, AP), 
and M is a wBa over Ky, and P (AP), it is decidable whether ||y|| = 
[MI . 


(it) Let k € Ko\ {—o0, co}. If p € k-V-+t-RULTL (Ko, AP), and M is a 
wBa over Ky and P (AP), it is decidable whether ||y|| = ||M|| . 
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(itt) Let k € K3\ {—o0, 00}. If py € k-V+-RULTL (K3, AP), and M is a 
wBa over K3 and P (AP), it is decidable whether ||y|| = ||M|| . 


Let now K be a totally ordered set with a minimum, and a maximum 
element, 0,1 respectively, and M1, M2, M3 be the TGP-w-valuation monoids 
as defined in Remark 12. Following the arguments of the proofs of Lemmas 46, 
47, 48, and Theorems 49, 50 we obtain corresponding results for M1, Mo, M3. 
By these and Corollary 44 we obtain the following corollary. 


Corollary 52 (i) Letk © Mi\ {0,1}. Ify © k-t-RULTL(M,, AP), and 
M is a wBa over M, and P (AP), it is decidable whether ||y|| = ||M|| . 


(ii) Let k © Mo\ {0,1}. Ife © k-V4-RULTL (Mo, AP), and M is a wBa 
over Mz and P (AP), it is decidable whether ||y|| = ||M||. 


(itt) Let k © M3\ {0,1}. If p © k-V+t-RULTL (M3, AP), and M is a wBa 
over M3 and P (AP), it is decidable whether ||y|| = ||M||. 


We are ready now to present the following algorithms. These can be 
adopted in a straightforward way for Mz, M3, My respectively. 


Algorithm 1: Decision procedure for K 
Input :wBa M =(Q,wtm,4q, Ff) and k-safe \V-totally restricted 
U-nesting weighted LTL formula y 
Output :” yes” if ||M|| = ||y|| , otherwise ” no” 
Determine ¢ €V-t-RULTL (K2, AP) with ||y|| = ||¢|| 
Construct a wBa Ag = (S,wt4z, po, P) such that || As] = lel 
Compute Im (wt4>) 
Compute Im (wt) 
For every v € Im (wt.as) 


construct the Ba Az” 
construct the Ba M2” 
2 > 
eye ties 
return ”no” 
end for 
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For every v € Im (wt) 
construct the Ba Az” 
construct the Da M2” 

If || M2"|| ¢ |].Az" 
return ”no” 
end for 

return ” yes” 


Algorithm 2: Decision procedure for K3 
Input :wBa M =(Q,wtm,4q, Ff) and k-safe V-totally restricted 
U-nesting weighted LTL-formula » 
Output :” yes” if ||M|| = ||y|| , otherwise ” no” 
Determine ¢ € V-t-RULTL (K3, AP) with ||y]| = ||¢|| 
Construct a wBa Ag = (S, wt ss; Pos P) over K3 such that 


As = leh 
Construct the wBa Ag, M over K2 with 
| Aa] = oll | 4] = a 


Compute Im | wt z- 
@ 
Compute Im (wt) 


For every v € Im (weg: 
w) 


construct the Ba AS 
construct the Ba M2? 
if [Ag || ¢ 
return ”no” 
end for 
For every v € Im (wt ) 
construct the Ba Ca 
construct the Ba M2” 


— —_~P>v 
uf Mel ¢ [45 
return ”no” 


end for 
return ” yes” 
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Algorithm 3: Decision procedure for Ky 
Input :wBa M =(Q,wtm,qo, Ff) and k-safe totally restricted 
U-nesting weighted LTL-formula 
Output :” yes” if ||M|| = ||y|| , otherwise ” no” 
Determine ¢ € t-RULTL (k1, AP) with ||y|| = ||¢|| 
Construct a wBa Ag = (S,wt4>,p0, P) such that ||Ag|| = ||y] 
Compute Im (wts;) 
Compute Im (wtyy) 
For every v € Im (wt) 
construct the Ba Az" 
construct the Ba M=” 


uF 4g"|] ¢ 
return ”no” 
end for 


For every v € Im (wt) 
construct the Ba AS 
construct the Ba M2” 

i |. M2 ¢ [faz 
return ”no” 
end for 

return ” yes” 


8 Conclusion 


In this work we have introduced the notion of k-safe infinitary series over 
idempotent ordered TGP-w-valuation monoids (K,+,-,Val”,0,1) that sat- 
isfy specific properties, where k € K\ {0,1}. For every k € K\ {0,1}, 
we define two syntactic fragments of the weighted DTL, the fragment of 
k-safe totally restricted U-nesting weighted LTE formulas, and the fragment 
of k-safe V-totally restricted U-nesting weighted LTL formulas (the later 
is a subclass of the former) with the property that the semantics of the 
formulas in these fragments are k-safe infinitary series. Whether a k-safe 
infinitary series over a TGP-w-valuation monoid K definable by the weighted 
LTL over K is also definable by a formula in these fragments remains open. 
Moreover, for every formula in these fragments, we can effectively construct 
a wBa over K recognizing its semantics. We present an example of how 
k-safe weighted L7'L formulas can be used to describe quantitative properties 


140 Eleni Mandrali 


of a weighted transition system, and how we can verify that the system has 
the desired properties by translating it to a wBa that simulates its runs, and 
proving that the behavior of the automaton coincides with the semantics of 
the formula. Finally, for two specific idempotent ordered TGP-w-valuation 
monoids (resp. a specific idempotent ordered GP-w-valuation monoid), we 
present decision procedures that given a wBa and a k-safe V-totally restricted 
U-nesting weighted LTL formula (resp. k-safe totally restricted U-nesting 
weighted LTL formula), decide if the semantics of the formula coincides with 
the behavior of the automaton. These results are generalized for specific 
families of idempotent ordered TGP-w-valuation monoids, and idempotent 
ordered GP-w-valuation monoids. 


The study of the complexity of the proposed algorithms, and the study 
of decidability questions related to the formulas in the proposed fragments 
is a work in progress. Another possible road is the study of the use of k-safe 
weighted LTE formulas introduced, in the definition of algorithms that given 
a weighted transition system, a boolean safety formula, and an w-valuation 
function, decide whether the words defined by runs of the weighted transition 
system satisfy the specification, and at the same time corresponding infinite 
sequences of weights are valuated through the w-valuation function to a price 
above a given threshold. A natural theoretical next step is the definition and 
study of other kinds of quantitative properties of infinitary series over TGP- 
w-valuation monoids, like weighted liveness, in the framework of the weighted 
LTL introduced in this work. The use of temporal logic and model checking 
techniques in the description and verification of properties of biological 
systems has been proposed, and is being studied in the literature [15]. We 
see the use of the weighted LTD and of k-safe weighted LTL formulas in the 
description, and verification of quantitative properties of such systems as a 
challenging perspective. 

Acknowledgement The author is grateful to the three anonymous 
reviewers whose valuable remarks led to significant improvements of the 
content of this work. 
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Appendix 


Proof: [Proof of Example 10] 

We will prove first that AK is an idempotent ordered TGP-w-valuation 
monoid that satisfy Properties 2, 3, 4, and 5 . Property 3 follows directly 
from the definition of K 2. First, we prove Property 1 for TGP-w-valuation 
monoids. 

We consider L Cfin Ko, finite index sets Ij(j > 0), and ki, € L (ij; € Ij) 
such that for all j > 0, it holds ki, € L\{oo,—oo} for all i; € Jj, or 
ki, € {00, —oo} for all 7; € Ij. We will prove that 


limsup [op ‘,) | = is sup (limsup (Fe) ex) : 
jEN J 


45 EL; jctox hx... 


We set A =limsup ( sup i) ,and B= sup (limsup (ki,) ei) . 
jEN J 


15 €L; jctox hx... 

Assume that there exists an / > 0, such that kj, = —oo for all a € Ij. 
Then, for all (i;), ElpxhxX..., limsup(ki;) je, = —o0, ie., B = —oo. 
Moreover, sup hy = —oo, and thus A = —oo as desired. 

welt 


Otherwise, we point out the following cases: 


(I) Assume that for all j > 0 there exists i; € J; such that kj, = oo. Then, 


there exist (ij), € Io x I, x ... such that limsup(ki;) en = 00 which 
implies that B = oo. In addition, we get that supk;, = oo for all 
i;€I; 


j > 0, ie., A = 00 as well. 


(I 


SS" 


Assume that there exists finitely many 7 > 0, such that kj, # oo for 
all i; € Ij, then sup k;, # oo for only a finite number of 7 > 0, which 
i; €L; 


implies that 


A= wi { sp lf 0 with sup ki, # wh 


i; €L; ijEl; 


Moreover, 
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(III) 


Be sup (limsup Jee Vi. ) 
(45) ;,€ox x... ( is) jen 


ki,#—00,420 

= sup (sup { ki, | j = 0 with kj, oo }) 

(45) ,€fo xix... 

kx, F—00,J20 
= sup 4 supkj,; | 7 => 0 withsupk;,; #00 =A 

ijEl; i;€L; 

where the second equality holds since for all 7 > 0, it holds kj, € 
L\ {00, —oo} for all i; € Ij, or kj; € {o0, —oo} for all 4; € Jj. 


Assume that there exists infinitely many 7 > 0 such that kj, # 00 for 


all 7; € Jj. Since I, are finite for every h > 0, it holds sup (ki) € 
tnEln 
{ki, | in € In} for every h > 0, hence there exist a sequence (i;); E 


Ip x Ly x In xX... such that A =limsup(Ki;) 39: and thus A < B. 


Let now (ij); € Io x Ii x Ip x ate then 


limsup (Ki,) je = inf (sup {hq | U2 J, iy A 00) 
inf | sup { supky, | 1 > 7, supki, 4 co 
j20 ij€l; uel 


= limsup (» kj 7 =A 
i;€L; jeN 


where the inequality holds due to the following: for every j > 0, it holds 

ki, € L\ {o0, —oo} for all 1; € Ij, or kj, € {00,—oo} for all 4; € J; , 

thus for every j = 0, ki; # 00, implies supk;, # oo, and vice-versa. 
4; EL; 


IA 


So, A = B as desired. 


We prove now Property 2. We will prove that for all k,k; (i >1) € Q, 


limsup (0o,k1, ke,...) = limsup (ky, ke,...). 


First we assume that 42 > 1, such that k; = —oo. Then, 


limsup (0o,ky, ko,...) = limsup (ky, ke,...) = —oo. 


SWithout any loss we assume that ki, # —oo for all j > 0. 
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Otherwise we point out the following cases. 
— If Vi > 1, kj; = o0, limsup(oo,k1, ko, ...) =limsup(k1, ke,...) = co. 


— If there exist infinitely many 7 > 1 such that k; ~ oo, then 
limsup(0o,k1,...) = inf (sup {ky | > 9, ka co}) —lmstip(Ai y+.) 
jz 


— Finally, if there exist finitely many 7 > 1 such that k; # oo, then 
limsup(0o,k1, k2,...) = sup {ki, | j > 1,k;, A co} =limsup(A1, ko,...). 


We prove now Property 4. By definition it holds k < oo for every k € Q. 


We prove now Property 5. Let k, k; € Q (i > 0) such that for every i > 
0,k; > k. We point out the cases k = 00, k = —oo or k £ co, —on. If k = cw, 
then for all i > 0, it holds k; = co, which implies that limsup(ko, ky, ke, ...) = 
oo > k as wanted. Assume now that k = —oo, then it trivially holds 
limsup(ko, ki, k2,...) > —oo. Finally, if k 4 00, —oo, then k; 4 —oo for all 
i > 0, and thus limsup(ko, k1, k2,...) = ki > k for some i > 0." 


Proof: [Proof of Example 11] 


We will prove now that Ks is an idempotent TGP-w-valuation monoid 
that satisfy Properties 2, 3, 4, and 5. Property 3 follows directly from the 
definition of K3. 

We will first prove Property 1 for TGP-w-valuation monoids. Let 
ae Q, finite index sets Tj, and ki, € L (i; € Jj) such that for all 7 > 0, 
it holds ki, € L\ {00, —oo} for all i; € Ij, or ki; € {00, —oo} for all 2; € Jj. 
We will prove that 


sup | supki, } = sup (sup ki, ). ). 
aa [op .) (i;),€loxh x... wt ii) jen 


We set A = sup_., (ps, , and B = ; sup (sup_.. (Fis) jen) ‘ 


wel; 4) ;,€lox hx... 


We will prove that A = B. 


“Observe that limsup is defined over (Qrin) > i.e., for some finite subset B of Q, ki € B, 
for every i > 0. 
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- Assume that there exists a j > 0, such that kj, = —oo for all 1; € Jj. 
Then, A= B= —-oo. 

- Assume that for all 7 > 0, Ski, € Lj with kj, # —oo, and for all 7 > 0 
there exists an i; € I; such that kj, = oo. Then, using the same arguments 
as in (I) in the previous proof we get that A = B = co. 

- Finally we assume that for all 7 > 0, 4k;, € J; with kj, # —oo, and 
there exist at least one j > 0 with kj, 4 oo for all 7; € Ij. Then, sUup;, (ki, ) x 
—oo for all 7 > 0, and since there exists 7 > 0 with SUP; ,€1; (ki; ) # co we have 


A=sup 4 supkj, | j > 0, supki, #00}, 
i; EL; i;€L; 
and 
B= sup (sup {ki, | 7 > 0, ki; # oo}). 
(45) ,€f0 xix... 
With arguments similar with the ones used in case (IIT) in the previous proof 
we get that it holds A = B. 


Property 2 is proved with similar arguments used in the proof of the 
corresponding property for Example 10. We prove now Property 4. By 
definition it holds k < oo for every k € Q. 

Finally, we prove Property 5. Let k, ki € Q(i>0) such that for 


every i > 0 kj > k. We point out the cases k = oo,k = —co ork # 
oo, —oo. If k = ov, then for all i > 0, it holds k; = oo, which implies that 
SUP_ oo (ko, k1, ka,...) = co > kas desired. Assume now that k = —oo, then 


it trivially holds sup_,, (ko, k1, k2,...) > —oo. Finally, if k 4 00, —oo, then 
k; # —oo for all 1 > 0, and thus sup_,, (ko, k1, k2,...) = kj > k for some 
a> 0. 


Proof: [Proof of Theorem 30] We follow the inductive proof of [22, Theo- 
rem 1], and then conclude our claim by the generalization of [22, Lemma 5] 
for idempotent ordered TGP-w-valuation monoids. We only present some 
clarifications on why the arguments in the inductive proof of [22, Theorem 1] 
can be adopted. 

In the proof of [22, Lemma 8, page 253], we justify the equality 


Val® (ky + ke, wt (Byam, Bye) ,wt (By2,, 72, By2) oie) 
= Val (ky, wt (Bust ig Bos) ,wt (By2,, 72, By2) —) 
+Val” (ko, wt (Bais TH, Bos) ,wt (B,2., TT, B,2) ee .) 
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as follows: Due to the restriction on the fragment, k; # O implies k; € 
K\ {0,1} for 7 € {1,2}, and thus it suffices to point out the following cases: 


Case 1 If k, = 0, and ko £0, then 
ky + ko = ko and Val® (ki, wt (Betis Bay) ,wt (By2,, 72, By2) patted = 0, 
which implies 


Val” (ky + ko, wt (By i itty Bega) ,wt (By2,,72, By2) al 
= Val" (ko, wt (B, 1, His Ei ,wt (By2_,%2, By2) — 
= Val” (ki, wt (B vl: iy Beng) 108 (Bye 472, Bye) as) 
+Val” (ko, wt (Bos, T, By) ,wt (By2,, TT, B,2) Poe .) 


Case 2 Ifk, 40, and ko = 0, we prove the equality with the same arguments 
as in the previous case. 


Case 3 If kj = kp = 0, then both parts of the equality are equal to O. 


Case 4 If ki,k2 © K\ {0,1}, the equality is obtained by the distributivity 
of Val” over finite sums for TGP-w-valuation monoids (Property 1). 


Moreover, in the proof of [22, Lemma 8, page 254], we obtain the 
inequality 
weights, (Pw) = weight, (2 
by Lemma 7 (of the current work). The use of Lemma 7 is possible since the 
following hold: In the case 7! € neat (™ Bye) due to the restrictions on 
the fragment it holds : wt, (Bi, 70; By:) # 0 implies wt, (Bi, 70, By) € 
K\ {0,1}, and vy, ,, (€') 4 O implies vy, ,. (€1) € K\ {0,1}. Also, 
yp? yl? 
since K is totally ordered, it holds wt, (Bi, 70, By ) + UMp ,¢ (é1) E 
bans 
{wt (Bi, 70, By) UM, € (e+) 

In the proofs of [22, Lemmas 9 and 13], we use Lemma 7 (of the current 
work), instead of of [22, Lemma 3iil. 

From the constructive proofs of [22, Lemma 12] (resp. [22, Lemma 14]), 
we can further derive that for ~ € bLTL(K, AP), and € € r-stLTL(K, AP), 
or € = AUG, or € = U¢ with A,¢ € r-stLTL (K, AP), it holds vg, (y’) = 
up, (’) - up, (€') = 1, or (vp, (y’) #1 and vp, (v")- vB, (€') #1) (resp. for 
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~,€ € r-stLTL (K, AP), we can further conclude that vg, (y’) = va, (v’) - 
I] ve,. (é) = 1, or (vp, (y’) #1 and vp, (Y")- I] vp, (é) x il), 
tzj<e 1<j<k” 
In the proof of [22, Lemma 16, page 271], the last equality is true 
because of the following: For every 7 > 0, it holds 


S- Val” ps ceap hess Reddy Ty deeds) 
ky€pri,, (w>;) (O<j<i) 
kiepriag (w>i) 
= > Val® URoncag heist dy Eds a) 


kjEpria,, (w>;)\{O} (O<j<i) 
ki€pria, (w>i)\{0} 


ko, ererecg > ki-1, 
_ yg | oePrias (ws0)\{0} ki—1epria, (w>i-1)\{O} 
- 3 ki,1,1,1,... 
ki€pria, (w>i)\{0} 
> ko, sey bs ae 
_ ‘o ko€pria,, (w>0) ki-1€pria,, (w>i-1) 
=, Vig! S t4... 


kv€pria, (w>i) 


where the first equality is obtained by the fact that Val, ((di)is0) =0 
whenever d; = 0 for some i > 0, and by the completeness axioms of the 
monoid. The second equality is now obtained by the distributivity of Val” 
over finite sums for TGP-w-valuation monoids (Property 1). Observe that 
since w,€ € r-stLTL (K, AP) it holds: (i) kj € pri,4, (w>;) \ {O} implies 
k; € K\ {0,1} for every 0 < j < i, and (ii) kj € pri,, (w>:) \ {O} implies 
k; € K\ {0,1}. 

In the proof of [22, Lemma 16, page 274], we use Lemma 7 of the 
current work instead of of [22, Lemma 3]. The use of Lemma 7 is pos- 
sible because of the following: By the fact that ,€ € r-stLTL(K, AP), 
and since K is totally ordered, we can further conclude that the sets 


{wt (Byin.0), 7m; Bylot) ) , wt (Bom, Tm; Bums) } (where 0 < m <1) and 
{wte (Beo., TL, Be) ,wt (Ba. Tl, Baw) \ are subsets of K\ {0,1}, and since 


k 
Pre? 


In the proof of [22, Lemma 16, page 275], the second implication is justified 


yk. is boolean for every k > 1, we also get that wt (B Tk; Bouts) =. 
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with the same arguments we used for the justification of the equality in [22, 
page 275]. 

In the proof of [22, Lemma 17, page 276], we use Lemma 7, instead 
of [22, Lemma 3ii], since ~ € r-stLTL(K, AP) and K is totally ordered, 


we have that pri,,, (w>:) is finite for every 7 > 0, and > ky A1 
ki€pria,, (w>i) 
with » = Yo ki € pri, (w>i) \{O}. We use similar 
ki€pria,, (w>i) ki€pria,, (w>i)\{O} 


arguments to justify the use of Lemma 7 (of the current work) and of 
the Distributivity of Val” over finite sums for TGP-w-valuation monoids 
(Property 1) in the rest of the proof. 

For the Definitions of vg, (y) , and prijy (w), where (py €¢ LTL (K, AP), 
M is an e-wgBa, w € (P (AP))”), we refer the reader to [22]. 


Proof: [Proof of Lemma 47] 
Let v € Q, and M2” = (Q2”, 4, G6", Ae: F2”) where 


© Q?” = (Q x {0,1,3,4} x {B,C}) U (@ x {2,5,6} x {B, CH) 
where Q = {sq | q € Q} is a set of copies of the elements of Q 


© 5" = (q,0,C) 


e A2? iff 


1.i=Oandj=1,k=1=C,andq=@,G€ Q\F and wt (q,4,q) < 
v with wt (q,a,q) # —oo, or 

2.i1=Oandj=1,k =C,l= Band q = 94,9 € F and wt (q,a,q) < 
v with wt (q,a,q) # —oo, or 

3.i1=Oandj=3,k =1=C, and q= 40,9 € Q\F, wt (q,a,q) > 2, 
and wt (q,a,q¢) # ©, or 

4.i=Oandj=3,k=C,l= B, and q= 40,9 € F,wt(q,a,q) > v, 
and wt (q,a,q@) # ©, or 

5. t=0and J=4,h=1=C, and ¢=0,7 € Q\F, wi(g, a, 9g) =o, 
or 

6.i=Oand j=4,k =C,l=B, and q=,¢@€ F,wt(q,4,9¢) =~, 
or 
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22. 


23. 


.§=Oandj =2,k =1=C, and gq = 9 = 57 € 0,0 ¢ 


F, wt (qo, a, q) = ©, or 


.t=Oandj=2,k=Cl B, and q = 9,9 = 57 € Q,G € 


F, wt (qo, a, g) = ©, or 


~t=2and) =2,k €{¢,B},l= Band ¢= syd = sq¢ € F, 


wt (q",a,q) = 00, or 


.t=2andj=2,k €{C, B} l= C, and ¢ = s9",¢ = 87,0 ¢ F, 


wt (q",a,q) = 00, or 


.2= 1,3,4 and j = 3,k € {C,B},l = B,q € Q,G € F, and 


wt (q, 4, @) z v, and wt (q, a,q) # Oo, Or 


.4=1,3,4 andj = 3,k € {C,B},1l=C,¢d€ Q,¢7€ Q\F, and 


wt (q, 4, @) = v, and wt (q, a, ) # Oo, or 


.21=1,3,4 andj = 1,k € {C,B},l = B,q € Q,7 € F, and 


wt (q, a, ) <u, ut (q, a,q) # — Oo, Or 


.¢4=1,3,4andj=1,k €{C,B},1=C,q€ Q,7€ Q\F, and 


wt (q, a, q) <u, ut (q, a, q) # — Oo, Or 


.2=1,3,4andj=4,k € {C,B},1=C,q€Q,¢€ Q\F, and 


wt (qd, 4, 7) = 00, or 


.t1=1,3,4 andj = 4,k € {C,B},l = B,q € Q,G € F, and 


wt (q, a, @) = 00, or 


.i=3,andj =5,k € {C,B},l=C,andq€Q,9=57€ O,G¢F, 


wt (4,4, q) # —Oo, or 


.i=3, and j =5,k € {C,B},l1=B, andg€Q,9=57€9,7¢€ 


F, wt (q,a,q) # —©, or 


.i=5, and j=5, ke {C,B},l=C, and g,G € Q,q = 59,9 = 


84d ¢ Fy wt (q", a, q) Fx —oo, or 


.i=5,andj=5, ke {C,B},l=B, and q,7 € Q,q = 89,9 = 


sq € Fywt (q",a,q) ra —oo, or 


= 5, and 9 = 6, k-E1{G, Bh. t =, and’ = 3059 = 32.0 € 


Fiwt (q",a,q = OO, or 
i=6,andj=6, ke {C,B},l=C, and q = sy,¢ ¢ Fg = 
bgt (7 a, q) = 0s, or 
+=, and 7=6,.k € {C,B},1 = B, and ¢= sy,q = s3,¢ € 
F,wt (q",4,¢ = OO, or 
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24.i1=6, andj = 6, k € {C,B},1 = B, and q = 59”,9 = 89,4 € 
F, wt (q”,a,q) = 00. 


e The set of final sets is defined as follows 


P= {F| FC RURURAOF 20, nF 40} 
Fr = (Q x {3} x {C, B})U(@ x {2} x {C, B})U(Q x {6} x {C, B}) 


Fy = (Q x {0,1,3,4} x {B})U (2 x {2,5,6} x {B}) 
Fs =Q x {1,4} x {B,C} 


We prove now that ||M="|| = {w € A® | (|||, w) > v}. We let first 
w = agajag... € {w € A” | (||A/||, w) > v}. This implies that 


(IV Il,w) = sup (weighty (Pw)) = 00 
Pw €succy (w) 
or 
(|||, w) = sup (weighty (Pw)) =v" € Q with v” > v. 
Pw Esuccy (w) 


If the first case is true there exists a successful path P,, = (Gi, @i, Gi+1);s9 of 
N over w such that wt (qi, ai, q@i+1) = 00 for all 7 > 0. We consider the path 


P,, = ((qo, 0, C) > 20, (8q,,2, D;)) (Sq, 2, Dj) » Ai, (Baca 2s DE) Noa 


where D; = B if gq, € F, and D; = C if q, ¢ F for every i > 1. (We shall 
call such a path P” a path of form A). Clearly, P” is a successful path of 
M2” over w, ie., w € || M=”|| as desired. Now, if the second case is true 
there exist a successful path Py = (qi, 4i,di+1);59 Of N over w such that 
wt (qi, @i,;G+1) 4 00 for at least one i > 0. Assume that there exist infinitely 
many 7 > 0 such that wt (q;,a:,@i41) # oo. Then, there are also infinitely 
many i > 0 with wt (qi, ai, Gi41) =v" > v, and thus we can define a successful 
path Pp of M2” over w of the form Gravis D;) » Qi, (es Faas Di+1))i>0 with 
(06,403:P6) = (Go,0;C) 5 and for alla > 1.9, = 1) 16 Fe 1, — OF, 3,45 and 
WOE (G1 dis G5) <0; OF Fp = 3. = 0, 1,3, 4, and we gs Gi -45G)) =u 
or j; = 4 if ji-1 = 0,1,3,4, and wt (q;-1, a:-1,q;) = 00, and D; = C if 
qa ¢ F, and D; = B if q, € F. Next, we assume that there exist only a finite 
number of i > 0 with wt (q, @;, qi41) # oo. Then, there exist an h > 0 with 
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wt (qn, @n,dn4i) = vo” > v, and aj > A with wt (qx, ax, de41) = 00 for all 
k > j. Then, we can define a successful path P” of M2” over w as follows 


Po = ((Gis Sis Di) , is (Git, Jit, Dit) ocicn—1 

(dhs 9%»Dn) , hs (San4195)Drgi)) 

((sq.5, Di) Gi, (Saini 5 Desi) pen Bien 

((8q,,5, Dj) 1 Aj; (Sqj4116, Dj+1)) 

((Sa.s 6, Dx) » ak, (So. ,6, Dr+1)) ps 541 ) 
where (qo, j0, D0) = (q0,0,C). Moreover, for all O <i < h, j; = 1, if 
§-9-= 0,1,3,4, and Wt (G24, G15; ) 0, Or 92 = 3 if 97-4 = 0,1,3,4;- and 
WGA .6i A) Sw, Or, = Aa fa = 0, 1 4 and we oe 1, 31.0) = 
oo. Finally, D; = C if q ¢ F, and D; = B if q € F for every | > 1. (We 
shall call such a path P”, a path of form B). Hence, w € || M2]. 

We proved that {w € A® | (|WV]],w) > v} C || M="|| . In order to prove 
the converse inclusion, we let P= ((qi, Ji, Di) , i; (@-41, Ji41; Di+1))i>0 with 
(qo, Jo, Do) = (qo,0,C) be a successful path of Me” over w. This implies 
that In@ (P”) = Fe FE: 1e., PF # 0, and Pip # (). Moreover, 
by definition of A=” we have ina FINFC Q x {3} x {C, B} (case 1), or 
FAFCQx x {2} x {C, B} (case 2), or RAFC Q x {6} x {C, B} (case 

3), and FhNF CQ x {0,1,3,4} x {B}, or FO Fy CQ x {2,5,6} x {B}. 

Moreover, 


((@ x {6} x {C, B}) NF 40, or (9 x {2} x {C, B}) MF 49), 


implies 
Fo ( x {2,5,6} x {B}) Z0 


and vice-versa. We assume first that for P” case (2), or case (3) holds, 
then P’ is either of form (A), or of form (B). If Pi”) is of form (A), then 
Py = (Gi, 4, G41) 59 € Sucey (w) with weighty (Py) = co > v. If Pi is of 
form (B), then Py = (qi, di, Gi+1);s9 € sucey (w) with weighty (Pw) =v! > 
v,v' € Q. If case (1) holds, then P” is of form (A), and Py = (qi, @i, Gi41);s0 
is a successful path of NV over w with weighty (Pw) =v! > v,v' € Q. Thus, 
| M="|| C fw € AY | (INI, w) > 0}. 


Proof: [Proof of Lemma 48] First, we assume that v € Q. We let M2” = 
(Q2",4, a A2",R2”) where 
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© Q2" =(Q x {0,1,3,4} x {B,C} U (0 x {2,5, 6} x {B,C}) 


where Q = {s_|q€ Q} is a set of copies of the elements of Q 


>vu 
© & 


= (qo, 0, C) 


e For all ((q,7,k) ,a, (Gj, 1)) € Q="x Ax Q=”, it holds ((q, 7, k) , a, (G, 7, 1)) 
eAer ar 


1, 


i=Oandj=1,k=l1=C, andq=9,@ ¢ F and wt (q,a,q) < v 
with wt (q,a,q) # —o0, or 


.¢t=Oandj=1,k =C,l= Band q=q,¢€ F and wt (g,a,q) < 


v with wt (q,a,q) # —oo, or 


.t4=Oand j =3,k =1=C, and q= ,@ ¢ F,wt(g,a,q) = », 


and wt (q,a,q) # ©, or 


.t=Oand j =3,k=C,l=B, andq=,G€ F,wt(q,4,q) > v, 


and wt (q,a,q) # ©, or 


5. i=Oand j =4,k =1=C, and q=,¢ ¢ F,wt(qg,a,¢7) = ~, or 


6.i1=Oandj=4,k=C,l=B, andq=,G€ F,wt(q,a,9) =~, 


or 


.i=Oandj =2,k =1=C, and gq = 9 = 57 € 0,0 ¢ 


F, wt (qo, 4, G) = ©, or 


.t=Oandj=2,k=Cl B, and q = 9,9 = 57 € Q,G € 


F, wt (qo, a, G) = ©, or 


= 20nd 4 =2, he (0, By.) = B, and:g = 3979 = s5,.9q E4, 


wt (q”,a,q) = 00, or 


24 =2 and.7 = 2; he 10 Bt = Cand ¢— o),.q— S490 24, 


wt (q”,a,q) = 00, or 


.2= 1,3,4 and j = 3,k € {C,B},l = B,q € Q,G € F, and 


wt (q, a, ) = v, and wt (q, a, q) # Oo, Or 


.2=1,3,4 andj =3,k € {C,B},1=C,¢d€ Q,¢7€ Q\F, and 


wt (q, a, @) 2 v, and wt (q, a, q) # Oo, Or 


.21=1,3,4 andj = 1,k € {C,B},l = B,q € Q,G € F, and 


wt (q, a, q) <u, ut (q, a,q) # — Oo, Or 


.4=1,3,4andj=1,k € {C,B},l=C,¢€ Q,¢€ Q\F, and 


wt (q, a,q) <u, ut (q, a, q) # — Oo, Or 
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15.71=1,3,4 andj =4,k € {C,B},1=C,¢d€Q,¢€ Q\F, and 
wt (q, a, ) = 00, or 

16.2 = 1,3,4 and j = 4,k € {C,B},l = B,q € Q,G © F, and 
wt (q, 4, @) = 00, or 

17, =U, and j =5,k € {C,B},l1=C, and g=@,9 = 57 € O,0¢ 
F, wt (qo,a,q) => v, or 

18. 1=0, andj =5,k € {C, B},l=B, and ¢ = q0,9 = 87 € 9,7 € 
F, wt (qo, a,q) => v, or 

19.7 =o and = 5, RSC. Bang, and 4,9 € Q,q = 89,9 = 
89,4 ¢ F,wt (q",a,q) >», or 

20. 4=5yand:7 =5, ke{C, BLl—B, and 4,9 € Q,4q = 8q",9 = 
89,9 © F,wt (q",4,q@) = v. 

e The family R” is defined as follows 

Re = {(8,F) | Pe r2,8CQx {i} x {B,c}lU{O,F)|FeF'} 

U{(0,F) | Fe Fe} where 

Fe = {F| FORUBANF ORF Zo} with 

Fi =Q x {3} x {C, B}, Fh = Q x {0,1,3, 4} x {B}, and 

Fo’ ={F|FCF,UFo, FiO F £0,FonF £0} with 

Fi =Q x {2} x {C, B}, Fo = Q x {2} x {B}, and 

Fe = {F | FC Q x {5} x {By}. 


We prove now that ||M="|| = {w € A® | (||N/||,w) > v}. We let first w = 
agajag... € {w € A” | (||N’]| ,w) > v}. This implies that 


(IV Il,w) = sup (weighty (Pw)) = 00 
Pw €Esuccy (w) 
or 
(|||, w) = sup (weighty (Pw)) =v" € Q with v” > v. 
Pw Esuccy (w) 


If the first case is true there exist a successful path Py, = (4, @:, di+1);s9 of 
N over w such that wt (qi, ai, q@i+1) = 00 for all 7 > 0. We consider the path 


sae = ((qo, 9, C) » 20, (Sq, 2, D)) ((Sa¢: 2, Dj) » Qi, (Sapas 25 Dis) 334 
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where D; = B if q, € F, and D; = C if q, ¢ F for every i > 1. (We shall 
call such a path P” a path of form A). Clearly, P” is a successful path 
of M2” over w, ie., w € || M2" || as desired. Now, if the second case is 
true there exist a successful path Py = (qi, 4i,di+1);59 Of N over w such 
that wt (qi, @;,q:+1) 4 oo for at least one i > 0. Assume that there exist 
infinitely many 7 > 0 such that wt (q;, ai, q@i+1) # co. Then, there are also 
infinitely many 7 > 0 with wt (qi, ai, gi41) =v" > v, and only a finite number 
of i > 0 with wt (q,a;,q@+41) < v. Thus, we can define a successful path 
Py of M2” over w of the form Cons DF) es (isi eis Di+1))id0 with 
(665:30; Po) = (G0;:0;.C):,. and: for-all a: >: 1,4; = 1, 1 94 = 0;1;3,4,-and 
wt (qi-1, 4-1, 41) < v, or ji = 3 if #x1 = 0,1,3,4, and wt (q@_1, a@i-1,%) = Vv, 
or j; = 4 if ji-1 = 0,1,3,4, and wt (q;-1, ai-1,q;) = 00, and D; = C if 
qa ¢ F, and D; = B if q € F. Next, we assume that there exist only a 
finite number of 7 > 0 with wt (qj, ai, G41) # co. Then, for all h > 0 with 
wt (dn; An; Wn41) F% 00, it holds wt (qn, an, 9n41) = v"” > v. Then, we can 
define a successful path P” of M=” over w as follows 


a = ((go, 0, C) » 40, ere 5, Dj)) ((gi, 5, D;) » Ai, (qi41, 5, Di+1))id4 


where D; = C if q; ¢ F, and D; = B if q € F for all i > 1 (We shall call 
such a path P”, a path of form B). Hence, w € || M=2||. 

We proved that {w € A® | (||[V/||,w) > v} C || 2”|| . In order to prove 
the converse inclusion, we let P= ((qi, Ji, Di) , ai, (G41, Jit1, Di41)) 9 with 
(go, Jo, Do) = (qo,0,C) be a successful path of M2” over w. This implies 
that In® (P") OF £90, and In® (P")NS =0 (case 1), or In@ (P!) NF 40 
(case 2), or In? (P"”) OF £0 (case 3). 

We assume first that for P”’ case (2), or case (3) holds, then P”” is either 
of form (A), or of form (B). If Pi, is of form (A), and Py = (di, @:, Gi+1);30 © 
succy (Py) with weighty (Pw) = co > v. If P" is of form (B), then Py = 
(Gis Qi, Git1)>0 € succy (Pw) with weighty (Py) > v. If case (1) holds, then 
P" is also a successful path of N over w with weighty (Py) =v! > v,v' €Q 

Thus, |M=2”|| C {we A® | (||M]|,w) > v}, and this concludes our 
proof. 
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